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CHAPTER 1 


Introduction 

The concepts of Hilbert spaces and bonnded operators on them are very important in 
most parts of mathematical analysis and also in the mathematical fonndation of qnantnm 
physics. One of the hrst important steps in this topic was to develop the theory of normal 
operators, to which many famons mathematicians contribnted inclnding for instance D. 
Hilbert and J. von Nenmann. The main resnlt concerning this class of operators is the 
well-known spectral theorem which gives us a very useful model of normal operators. 
This theorem was proven by von Neumann in the 20th century. This is in fact the right 
generalization of the hnite dimensional spectral theorem which was proven hrst by A. L. 
Cauchy in the 19th century. In view of this theory we have a very powerful tool if we 
would like to deal with normal operators. 

On the other hand, the theory of non-normal operators is not very well-developed. 
However, many results have been obtained in the second half of the 20th century. One 
of the main methods of examining non-normal operators, acting on a complex Hilbert 
space, is the theory of contractions. We say that a bounded, linear operator T G B{'H) is 
a contraction if ||T|| < 1 is satished, where B{'H) denotes the set of bounded operators 
acting on the complex Hilbert space H. This area of operator theory was developed by B. 
Sz.-Nagy and C. Foias from the dilatation theorem of Sz.-Nagy what we state now. 

Theorem 1.1 (Sz.-Nagy’s dilation theorem, |45j ). Let us consider a contraction T G 
B(T-L). There exists a larger Hilbert space K. and a unitary operator acting on it such 
that 


T" = p^u^in 

holds for a// n G N where P-^i G H(/C) denotes the orthogonal projection onto TL. In this 
case we call U a unitary dilation ofT. 
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Moreover, there is a minimal unitary dilation in the sense that 

y u^n = /c 

is fulfilled and such a minimal dilation is unique up to isomorphism. This U is called the 
minimal unitary dilation ofT. 

Sz.-Nagy and Foias classified the contractions according to their asymptotic behavionr. 
This classihcation can be done in a more general setting, namely when we consider the 
class of power bonnded operators. An operator T G B{'H) is called power bounded if 
sup{||T"'||: n G N} < cxD holds. We call a vector x G H stable for T if lim„^.oo = 0, 

and the set of all stable vectors is denoted by TLq = TLoiT). It can be derived quite easily 
that TLq is a hyperinvariant subspace for T (see |23j ) which means that TLq is a subspace 
that is invariant for every operator which commutes with T. Therefore we will call it 
the stable subspace of T. The natural classihcation of power bounded operators given by 
Sz.-Nagy and Foias is the following: 

• T is said to be of class Ci. or asymptotically non-vanishing if TLoiT) = {0}, 

• T is said to be of class Cq. or stable if TLoiT) = TL, i.e. when T” —)■ 0 holds in the 
strong operator topology (SOT), 

• T is said to be of class C.j (j G {0,1}) whenever T* is of class Cj., 

• the class Cjk (j, k G {0,1}) consists of those operators that are of class Cj. and 
C.k, simultaneously. 

We will use the notation T G CjkifH) (j, k G {0,1, ■}). 

Trivially, if T ^ CofTL) U Ci.{TL) U C.o{TL) U O.i('H), then T has a non-trivial hyper¬ 
invariant subspace, namely TLoiT) or TLoiT*)^. Sz.-Nagy and Foias got strong structural 
results in the case when T G CniTL) (see [231147] h However, basic questions are still open 
(e.g. the hyperinvariant and the invariant subspace problems) in the remaining cases, i.e. 
when T G C'oo(H) U C'io(H) U Coi{H). 

Our aim in this dissertation is to explore the asymptotic behaviour of power bounded 
operators. Then we will present some applications, namely we will investigate similarity 
to normal operators, the commutant of non-stable contractions and cyclic properties of a 
recently introduced operator class, the weighted shift operators on directed trees. 
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Sz.-Nagy characterized those operators that are similar to unitary operators. This 
theorem belongs to the best known results concerning the study of Hilbert space operators 
that are similar to normal operators. The result is very elegant and, in its original form, 
reads as follows. 

Theorem 1.2 (Sz.-Nagy, |46] ). An operator T is similar to a unitary operator if and 
only if it is invertible and both T and T~^ are power bounded. 

The direction is a trivial assertion. In order to verify the other direction, Sz.- 

Nagy dehned a positive operator using Banach limits in an ingenious way. In what follows 
we will give this dehnition. The Banach space of bounded complex sequences is denoted 
by We call the linear functional 

L: —)■ C, x = h->• L-lima;„ 

n—^oo 

a Banach limit if the following four conditions are satished: 

• 11^11 = 1 , 

• we have L-lim„^oo Xn = lim^^^oo Xn for convergent sequences, 

• L is positive, i.e. if > 0 for all n eN, then L-lim„_,.oo Xn > 0, and 

• L is shift-invariant, i.e. L-lim„^oo = L-hm„^oo a^n+i- 

Note that a Banach limit is never multiplicative (see [3 Section III.7] for further details). 
We would like to point out that Sz.-Nagy was the hrst who effectively applied the notion 
of Banach limits, before that it was considered only as a mathematical curiosity. 

For a power bounded T G BifH) let us consider the sequence of self-adjoint iterates 
and £x a Banach limit L. We consider the sesqui-linear form 

wt,l- 77 X "H —)■ C, WT,L{x,y) := L-\im{T*'^T^x,y) 

’ ’ n—¥oo 

which is bounded and positive. Hence there exists a unique representing positive operator 
At^l £ BifH) such that 

y) = {At,lx, y) (x, yen). 

The operator At,l is called the L-asymptotic limit of the power bounded operator T, 
which usually depends on the particular choice of L. It is quite straightforward to show 
that ker = 77o(7") is satished for every Banach limit L. Sz.-Nagy showed that if T and 
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T ^ are both power bounded, then is invertible and there exists a unitary operator 
U E B{l-L) such that 




UA 


1/2 

T,L- 


In the case when T is a contraction, the sequence of self-adjoint iterates is 

evidently decreasing. Thus it has a unique limit At = A E B{'H) in SOT, which is clearly 
positive. This positive operator is said to be the asymptotic limit of the contraction T 
which of course coincides with the L-asymptotic limit of T for every L. 

The L-asymptotic limit gives us information about the asymptotic behaviour of the 
orbits namely 


L-lim||TVf =||42i||^ = ||4';iri||^ (xeH). (1.1) 

n^oo ’ ’ 


There is a certain reformulation of Theorem 1.2 which reads as follows (see SB). 


Theorem 1.3 (Sz.-Nagy). Consider an arbitrary operator T E B{'H) and fix a Banach 
limit L. The following six conditions are equivalent: 

(i) T is similar to a unitary operator, 

(ii) T is onto and similar to an isometry, 

(hi) T is power bounded and there exists a constant c > 0 for which the inequalities 
||T"'a;|| > c||x|| and HT^^xH > c||a;|| hold for every n eN and x eTL, 

(iv) T is onto, power bounded and there exists a constant c > 0 for which the inequality 
||T"'a;|| > c||a;|| holds for every n eN and x eTL, 

(v) T is power bounded and the L-asymptotic limits At^l o,nd At*^l o,re invertible, 

(vi) T has bounded inverse and both T~^ and T are power bounded. 

Moreover, if we have an arbitrary power bounded operator T E B{TL), then the next three 
conditions are also equivalent: 

(i’) T is similar to an isometry, 

(ii’) there exists a constant c > 0 for which the inequality ||T"'x|| > c||a:|| holds for 
every n eN and x eTL. 

(iii’) the L-asymptotic limit At^l is invertible. 


Sz.-Nagy’s method naturally leads us to a little bit more general dehnition, the so-called 
isometric and unitary asymptote of a power bounded operator. We consider the operator 
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^ G where "Hj = = {keiA t = "Hq and X ^= ^t\x 

holds for every x ^ 'K. Since ||Xy^Ta;|| = ||X^^a;|| is satished (x G H), there exists a 
unique isometry Vt,l ^ such that X ^= Vt^lXtl holds. The operator 

(or sometimes the pair is called the isometric asymptote of T. Let 1 Lt,i, £ 

I3{'Ht,l) be the minimal unitary dilation of Vt,l and Xt,l £ -6(7/, Xt,lx = X^^x for 

every x E H. Obviously we have Xt,lT = Wt,lXt,l- The operator Wt,l (or sometimes 
the pair (Wt^l, Xt,l)) is said to be the unitary asymptote of T. We note that a more 
general definition can be given, however, we will only need these canonical realizations (see 
m)- These asymptotes play an important role in the hyperinvariant subspace problem, 
similarity problems and operator models (see e.g. IS El iQi El i25i SI sa as]). 

When T ^ C'i.('H) U Co^H), we have the following result which was first proven by 
Sz.-Nagy and Foias for contractions and by L. Kerchy for power bounded operators. 


Lemma 1.4 (Kerchy |25j). Consider a power bounded operator T ^ Ci.('H) UC'o.('H) 
and the orthogonal decomposition Ti = T-Lq © Hq . The block-matrix form of T in this 
decomposition is the following: 


T = 



Gi3(Ho©H^), 


where the elements Tq and Ti are of class Cq. and Ci., respectively. 


( 1 . 2 ) 


This is a very important structural result which will be applied several times through¬ 
out this dissertation. 

The outline of the dissertation is as follows: in Chapterj^we characterize those positive 
operators A G B{TL) that arise from a contraction asymptotically, i.e. there is such a 
contraction T G B{'H) for which At = A. Then, in Chapter]^ we give a description of 
those positive semi-definite matrices A G B{C^) which arise from a power bounded matrix 
asymptotically, i.e. there exists a power bounded matrix T G B{C^) and a Banach limit 
L such that At,l = A holds. In fact we show that the matrices At,l coincide for every 
L, moreover we will describe this operator as the limit of the Cesaro-sequence of the self- 
adjoint iterates of T. Chapter |^is devoted to the generalization of Theorem 1^, concerning 
power bounded operators that are similar to normal operators. This gives us a method 
in certain cases which helps us to decide whether a given operator is similar to a normal 
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one. Then, as a strengthening of Sz.-Nagy’s resnlt for contractions, we will describe those 
positive operators A that arise from a contraction T that is similar to a nnitary operator. 
In Chapter we will investigate the case when the so-called commntant mapping of a 
contraction, which is a transformation that maps the commntant of a contraction into 
the commntant of its nnitary asymptote, is injective. Finally, we will prove some cyclicity 
results in Chapter concerning weighted shift operators on directed trees which were 
recently introduced by Z. J. Jablonski, I. B. Jung and J. Stochel in [22] . In each chapter 
there is a separate section for the main statements of our results and motivation, and 
another which is devoted to the proofs. 


CHAPTER 2 


Positive operators arising asymptotically from contractions 

1. Statements of the main results 

This chapter contains onr results published in lig. Throughout the chapter, if we do 
not state otherwise, it will be assumed that T G B{'H) is a contraction. The main aim is to 
characterize those positive operators on a Hilbert space of arbitrary dimension which arise 
asymptotically from contractions. The following information concerning the asymptotic 
limits were known before or are trivial (see e.g. mm)- 

(i) 0 < Aj- < /, 

(ii) ker(A 7 ’) = 'Ho(T) := {x G "H; lim„_).oo ||7""'2:|| = 0} is a hyperinvariant subspace, 
(hi) ker(Ar — /) = 'Ri(T) := {x E T-L: hm„_,.oo ||7"”'a;|| = ||a;||} is the largest invariant 

subspace where T is an isometry, 

(iv) At = 0 if and only if T G Co.{'H), 

(v) 0 ^ (Tp(A'r) if and only if T G Ci.{'H). 

We note that 'Hi(T) fl 'Hi(T*) is the subspace on which the unitary part of T acts. 
Moreover, we provide the following further information about 

Theorem 2.1. Suppose L is a Banach limit and T is a power hounded operator for 
which At,l 7^ 0 holds. Then we have 

Pt,lII > 1. (2.1) 

In particular, HAj’ll = 1 holds whenever T is a contraction. 

In hnite dimension the asymptotic limit is always idempotent. The verihcation of this 
can be done with the Jordan decomposition theorem as well, but we will use the Sz.-Nagy- 
Foias-Langer decomposition instead. 

Theorem 2.2. Let T g i3(C‘^) he a contraction. Then At = At = At*, i.e. At 
is simply the orthogonal projection onto the suhspace HoiT)^ and 'Ho(T) = HoiT*) is 
satisfied. 
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We say that the positive operator A G &(?{) arises asymptotically from a contraction 
in uniform convergence if lim„_j.oo ||T*"'T"^ — ^411 = 0. Of course in this case A = At- On 
the other hand, it is easy to see that usually for a contraction T G B{'H) the equation 
hm„^oo = At holds only in SOT. Whenever dimH < oo, At arises from T in 

uniform convergence, since the SOT is equivalent to the usual norm topology. The sym¬ 
bols (Tg and Tg denote the essential spectrum and the essential spectral radius (see [3, 
Section XI.2]). Our result concerning the separable and infinite dimensional case reads as 
follows. 

Theorem 2.3. Let dimH = Kq and A be a positive contraction acting on T-L. The 
following four conditions are equivalent: 

(i) A arises asymptotically from a contraction, 

(ii) A arises asymptotically from a contraction in uniform convergence, 

(hi) re{A) = 1 or A is a projection of finite rank, 

(iv) dim'H(]0,1]) = dim'H(](5,1]) holds for every 0 < 5 < 1 where TLiu) denotes the 
spectral subspace of A associated with the Borel subset a; C M. 

Moreover, if one of these conditions holds and dimker(y4 — /) G {0, Kq}, then T can be 
chosen to be a C.q- contraction such that it satisfies (ii). 

We will also give the characterization in non-separable spaces. But before that we need 
a generalization of the essential spectrum. If k, is an infinite cardinal number, satisfying 
K < dimH, then the closure of the set := {S G B{fhL)\ dim(7^(S'))“ < a}, is a 
proper two-sided ideal, denoted by C^. Let := B{Ti)/C,^ be the quotient algebra, the 
mapping vr^; B{Ti) —)■ be the quotient map and || ■ ||k the quotient norm on For 

an operator A G B{TL) we use the notations := 1171^(^)11^, cr^(^) := <j{7i,^{A)) and 

r,^{A) := rin^iyA)). (For k = Kq we get the ideal of compact operators, ||A||ko = Pile is 
the essential norm, (Tho(A) = crg(y4) and ^^^(A) = r,,{A).) For more details see |11] or |35] . 
Now we state our result in the non-separable case. 

Theorem 2.4. Let dAmTi > Kq and A g B{'H) be a positive contraction. Then the 
following four conditions are equivalent: 

(i) A arises asymptotically from a contraction, 

(ii) A arises asymptotically from a contraction in uniform convergence. 
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(iii) A is a finite rank projection, or k = dim'H(]0,1]) > Kq ond r,,{A) = 1 holds, 

(iv) dimj-L (]0,1]) = dimj-L (]5,1]) for any 0 < 5 < 1. 

Moreover, when dimker(A —/) G {0,cx)} and (i) holds, then we can choose a C.q contrac¬ 
tion T such that A is the uniform asymptotic limit of T. 

The main tool in the proof of the above theorem is the following well-known property: 
any vector h G "H generates a separable reducing subspace \/{T*^^T’^^.. .T*^‘T^‘h: I G 
No, ji, ki ... ji, ki G No} for T. Therefore Ti can be decomposed into the orthogonal sum 
of separable reducing subspaces "H = so T = where 

Hence At is the orthogonal sum of asymptotic limits of contractions, all acting on a 
separable space: At = Xlges ®^T 5 - 

It is natural to ask what condition on two contractions Ti, T 2 G B(fH) imply At^ = At 2 , 
or reversely what connection between Ti and T 2 follows from the equation At-^ = At 2 - 
Finally, we will investigate this problem. 

Theorem 2.5. Let Li be an arbitrary Hilbert space and T,Ti,T 2 G BfiH) contractions. 
The following statements are satisfied: 

(i) ifTi,T 2 commute, then At^t 2 < and At^t 2 < ^T 2 , 

(ii) */ u G is a non-constant inner function and T is a c.n.u. contraction, then 

= ^u(T), 

(iii) = At 2 = A implies A < At^t 2 ! 

(iv) ifTi and T 2 commute and At^ = At 2 , then we have At^t 2 = ^Ti = ^T 2 - 
We will conclude this chapter by providing some examples. 


2. Proofs 


We begin with the proof of Theorem 2.1 


Proof of Theorem 12.11 Assume that 0 < happens. Set a vector v G 

Li, ||u|| = 1 and an arbitrarily small number e > 0 such that 

L-lim||T’^u||2 = > (11^1^211 -eY 

n^oo 
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is satisfied. By (|1.1) we get 

,1/2 


A. 




T,L ii^fc 


llT^wl 


^ {W^rlW-^y 


\\T>^v\ 


||T%| 


Since liminffc_^oo < L-limfc^.oo every r] > 0 there exists 

ko eN for which ||T^°i;|p < (||24;^'^^|| + r/)^ holds. This suggests that 


{k G N). 


1/2 

Ti||Tfcoy| 




|V2| 


||yfcoy||2 ' pV2^^||2- 

Since this holds for every r/ > 0, we infer that 

_ \2 

^T,L\\ 


I|.4t,l|I — ||.4/l 




In the beginning we could choose an arbitrarily small £ > 0, hence we obtain (2.1). □ 


We proceed with the verification of Theorem 2.2 


Proof of Theorem 12.21 Let us consider the Sz.-Nagy-Foias-Langer decomposition 
T = U ® C E B{'H = M (B where U E is unitary and C E B{N'^) is c.n.u. 

\i M = 'H, then obviously At = At* = /. Therefore without loss of generality we may 
assume that this is not the case. Suppose that r[C) = 1. Then there exists a vector 
0 7 ^ n G ker(C — AJ) with a A G T. We can find a 0 7 ^ w G (ker(C — A/))“*“, because C is 
not unitary. Using the contractivity of U, we obtain 


n||^ + 2 Re(A/i(n, Cw)) + l/il^HUtclP = ||An + /iCw|p = ||Cn + /iCtc|p < ||n + 


= ||n|p + 2Re(/i(n,ta)) + |/ip||ta|p = ||i;|p + |pp||tc|p (/i G C), 
or equivalently 

0< |/ip(i|tc|p — ||C'ta|p) — 2 Re(AR(n, Cw)) (p G C). 


In particular we derive the following inequality: 

0 < — ||Cw|p) — 2t|(n, Cw)\ (t G M), 

which implies (n, Cw) = 0. Therefore any eigenspace of C associated with a complex 
number of unit modulus has to be a reducing subspace, which is impossible since C was 
c.n.u. Thus r{C) < 1 follows, and e.g. by Gelfand’s spectral radius formula (O Proposition 
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VII.3.8]) we infer ||C"'|| —)■ 0. Hence we get = 'Ho{T) = 'Ho{T*). This implies that 
Arp = I ®0 = At* G B{N‘ © A/"-*-) is the orthogonal projection onto Af = Hq. □ 

Our next goal is to prove Theorem |2.3[ but before that we need three auxiliary results. 
The next lemma gives us some necessary conditions on the asymptotic limit of T. 


Lemma 2.6. If the positive operator 0 < A < I is the asymptotic limit of a contraction 
T, then one of the following three possibilities occurs: 

(i) H = 0, 

(ii) A is a non-zero finite rank projection, HoiT)^ = 'Hi(T) and dim'Hi(T) G N, 

(hi) ||H|| = re{A) = 1. 


Proof. As we have already seen HArH G {0,1}. Assume that (i) and (hi) do not hold. 
Then 1 is an isolated point of cr(A) and dimker(A — /) = dim "Hi (T) G N. Since T is an 
isometry on the finite dimensional invariant subspace 'Hi(T), the contraction T must be 
unitary on 'Hi(r). Therefore 'Hi(T) is reducing for T. Now consider the decomposition 
T = T' ®U where U = T|'Hi(T). Evidently A = At' © Ihi(t) and a{AT') C [0,1[ holds 
which implies ||Ar/|| < 1, and thus At' = 0. Therefore T-Lq{T) = 'Hi(T)-*-, so A is a 
projection onto Tfi. □ 


Now, we would like to point out some remarks. It is easy to see that in a triangular 
decomposition 


T 




G B{n' ®n''). 


At = At^ ®At 2 does not hold in general. A counterexample can be given by the contractive 
bilateral weighted shift operator defined by 


Tck 


Ck+i for fc > 0 
for fc < 0 


( 2 . 2 ) 


where {ekjk&i is an orthonormal basis in I-L. Indeed, an easy calculation shows that 


AT^k 


(l)-2fc+2 




for A; > 0 
for A; < 0 
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On the other hand, 'Hi(T) = Vfc>o{efc}, and the matrix of T is 



T = 


in the decomposition 'Hi(T) © 'Hi(T)-*-. Here T 2 G C'o.('Hi(T)-‘-), so = / © 0 is a 

projection, bnt At is not. 

In fact At is a projection if and only if H = 'Ho{T)®'Hi{T) happens f |31[ Section 5.3]). 
In this case T-LoiT) is a redncing snbspace of T. 

If T has only trivial reducing subspaces, dimH > 2 and At is a projection, then 


either T is stable or T is a simple unilateral shift operator (i.e. all weights are 1 in (2.2)). 


This follows directly from the previous remark. Theorem 1.3 and the Neumann-Wold 

p. 204]). 


decomposition of isometries 

Obviously for each power bounded operator T G i3('H) and unitary operator U G H('H) 
we have 


A 


UTU 


PL = UAt,lU*. 


(2.3) 


We proceed with the proof of the following lemma which provides a sufficient condition. 
For any positive operator A G B{'H) we shall write r_{A) for the minimal element of 
<j{A) C [0, cx)[. 


Lemma 2.7. Suppose that the block-diagonal positive contraction A = ^ 

,0 has the following properties: 

(i) dimXj = dirnTj) > 0 for every j, 

(ii) r{Aj) < r(Hj+i) for every j, 

(hi) Ai is invertible, and 

(iv) r(H,) / 1. 

Then A arises asymptotically from a C.^-contraction in uniform convergence. 


Proof. Let us consider the following operator-weighted unilateral shift operator S G 
BifH) which is given by the equation 


S{xq © (Cl © X 2 © ...) — 0 © UqXq © UiXi © ... ((Cj G Tj), 
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where Uj\ Xj —)■ are unitary transformations (i.e. bijective isometries) (j G Nq). Let 

T be defined by 

T\X^ = A-li^SAf {j e No). 

Since 


dA, 


i+i 




|xd| < ||a;d|, 


we obtain that T is a contraction of class C.q. An easy calculation shows that 

OO 

rp*nrpn _ \ ^ 

/ -J 3 jd-Tl J 

By the spectral mapping theorem, we get 

||A, - A]>^S*^A-tI^S^A]'^\\ < \\A]'^\\ ■ \\Ix, - S^^Ajl^S^ ■ ||A]/'|| 


< dA-l^ - < 


1 


dA, 


1 < 


■j+n) 


dAr 


1 . 


This yields 


\\T*^T^ - All = sup I ||A,- - Ay^S*^Ad^S^Ay ^\\: j e N, 


i+>^ j 


< 


dAr 


1 —> 0 (n —>■ oo), 


which ends the proof. 


□ 


The last lemma before verifying Theorem 2.3 reads as follows. 


Lemma 2.8. Let A he a positive diagonal contraction on a separable infinite dimen¬ 
sional Hilbert space H. Suppose that the eigenvalues of A can be arranged into an increasing 
seguence ^]0,1[, each listed according to its multiplicity such that Xj 1. Then 

A is the uniform asymptotic limit of a C.q- contraction. 


Proof. First we form a matrix {ai^rn)i,m&n from the eigenvalues in the following way: 
= Aij 02,1 ~ A 2 and 01,2 = A 3 ; 03,1 = A 4 , 02,2 ~ A 5 and 01,3 = Ag; ... and so on. 


Cll,l 

ttl,2 

“l.S 

«2,1 

«2,2 

«2,3 

0^3,1 

0^3,2 


04,1 




V : 


^Ai A 3 Ag Aio 

A2 Ag Ag 
A4 Ag 

A? 

V: 


...\ 
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We can choose an orthonormal basis {ei^m '■ E N} in T-L snch that ei^m is an eigenvector 
corresponding to the eigenvalne ai^m of A. Now we form the snbspaces: 

A’m := ^ e N} (m G N), 

which are clearly redncing for A. For any m E N, we set A^ '■= A\Xjn- Let ns consider 
also the operator S dehned by Sei^m = ^i,m+i m eN). We note that S is the orthogonal 
snm of Mq many nnilateral shift operators. Now the operator T G is given by the 

following eqnality: 

T\X^ = (m € N). 

Since 

Tei^rn = if- ei^^+i {l,mEN), 

y 

T is a C.o-contraction. Furthermore, for every l,m^n ^ N, we have and so 

\\T*^T'^ei^rn — ^-<T-1—>-0 (n—)■ CX)). 

0^1,m+n 

Since ei^m is an eigenvector for both A and T*^T'^, the seqnence nniformly converges 

to A on l-L. So A arises asymptotically from a C.G-contraction in nniform convergence. □ 


Now we are in a position to prove the characterization when dim'H = Mq- This states 
that a positive contraction, which acts on a separable space, is an asymptotic limit of 


a contraction if and only if one of the conditions (i)-(iii) of Lemma 2.6 holds. In what 
follows, E stands for the spectral measure of the positive operator A and T-Lioj) = E{u)'H 
for any Borel subset cj C M. Let us consider the orthogonal decomposition Ti = T-Ld © He, 
reducing for A, where A^Hd is diagonal and ^iHc has no eigenvalue. Let us denote the 
spectral measure of A^Hd and v4|Hc by Ed and Ec, respectively. For any Borel set a; C M 
we shall write 'Hc{oj) = Ec{uj)'Hc and l-Ldioj) = Ed{oj)'Hd. 

Proof of Theorem 12.31 The implication (i)^>(iii) follows from Lemma 2.6, and 
(ii)^^(i) is trivial. First we prove the implication (iii)^^ (ii) in order to complete the 
implication circle (i)^^(iii)^^(ii)=^(i), and second we show the equivalence (hi) 


IV . 


(iii)^^ (ii): We suppose that re{A) = 1. (If A is a hnite rank projection, then T = A 
can be chosen.) If ker(A) ^ {0}, then A has the form A = 0 © Ai in the decomposition 
H = ker(74) ©ker(74)-*“, where re(Ai) = 1. If Ai arises asymptotically from the contraction 
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Ti in uniform convergence, then A arises asymptotically from 0©Ti in uniform convergence. 
Hence we may assume that ker(H) = {0}. Obviously, one of the next three cases occurs. 

Case 1. There exists a strictly increasing sequence 0 = oq < ai < 02 < ... such that 
an /A ^ and dim'H([a„, a„+i[) = Mq for every n G Nq. If 1 is not an eigenvalue of A, then 


Lemma 2.7 can be applied. So we may suppose that dimker(H — J) > 1. In this case we 
have the orthogonal decomposition: A = Aq ® Ai, where Aq = A\ ker(y4 — /)-*■ and Ai = 


A\ ker(H — I). Again using Lemma 2.7 we obtain a contraction Tq G i3(ker(A — J)-^) such 
that the uniform asymptotic limit of Tq is Aq. Choosing any isometry Ti G H(ker(A — /)), 
A arises asymptotically from T := Tq © Ti in uniform convergence. 

Case 2. ker(A — /) = {0} and there is no strictly increasing sequence 0 = qq < 
ai < 02 < ... such that a„ ^ 1 and dim'H([a„, a„+i[) = Mq for every n G Nq. If 
dim'H([0,/d[) < Mo for each 0 < /3 < 1, then A is diagonal, all eigenvalues are in ]0,1[ 


and have hnite multiplicities. Therefore Lemma 2.8 can be applied. If this is not the case. 


then there is a 0 < 6 < 1 which satishes the following conditions: dim'H([0,6 [) = Mq and 
dim'H([6,/d[) < Mq for all 6 < /d < 1. We take the decomposition TL = 'H([0,6[) ©^^([fe, 1[), 
where dim'H([6, 1[) = Mq obviously holds, since 1 G cre(A). In order to handle this case, we 


have to modify the argument applied in Lemma 2.8 


Let us arrange the eigenvalues of A in [b, 1[ in an increasing sequence each listed 


according to its multiplicity. We form the same matrix {(yi^m)i,m&N as in Lemma 2.8, and 
take an orthonormal basis {ei^m : /, m G N} in 'H([6,1[) such that each ei^m is an eigenvector 
corresponding to the eigenvalue ai^m of A. Let Xq := 77([0,6[) and Xm ■= I £ N} 

(m G N). Take an arbitrary orthonormal basis in the subspace Xq. We define the 

operator T by the following equation: 

T\Xn, = A-2liSA]l^\Xm {m G No), 

where Am '■= A\Xm and S G Sei^m = oi^m+i (/ G N, m G No). 

For a vector xq G Xq we have 


llTxoll = WA^^^’^SA^^xoW < \^^\\A"^"xo\\ < ||a;o||, 
therefore T is a contraction on Xq. But it is also a contraction on Xff (see the proof of 


11/2 


Lemma 2.8), and since TXq X T(A©), it is a contraction on the whole TL. 
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We have to show yet that T*"‘T'^ converges uniformly to Aon A!q. For xq G A’o, ||a;o|| = 1 
we get 

||T*"T"xo - Axoll = 

< ~ < T-1 -)• 0. 

So A arises asymptotically from T in uniform convergence. 


Case 3. dimker(y4 — J) > 0. If dimker(yl —/) < Mq, then we take the orthogonal 
decomposition H = ker(y4 — /)-*- © ker(74 — I). Trivially 1 G ae{A\ ker(7l — /)■*■). By Cases 
1 and 2, we can find a contraction Tq G B{keY{A — /)-*■) such that the uniform asymptotic 


limit of T = Tn 


'ker©-/) 


_n is A. 


If dimker(yl — I) = Mq and A ^ I, then we consider an orthogonal decomposition 
ker(74 — I) = where AanXj = dimker(yl — /)■*■, and apply Lemma 2.7 If 

A = I, then just take an isometry for T. 


(hi) (iv): If A is a projection, then dim(]h, 1]) is the rank of A for every 0 < h < 1. 
If 1 G o'e(A), then dim 77(1 <5, 1]) = Mq holds for all 0 < 5 < 1. Conversely, if the quantity 
dim'H(]h, 1]) = dim77(10,1]) is finite (0 < h < 1), then obviously A is a projection of finite 
rank. If this dimension is Mq, then clearly 1 G (Je{A). 

Finally, from the previous discussions we can see that if the equivalent conditions (i)- 
(iv) hold, then the contraction T, inducing A, can be chosen from the class C.o provided 
dimker(74 — J) ^ N. □ 


Now we turn to the case when dim77 > Mq- As was mentioned earlier, for every 
contraction T G i3(77) the space 77 can be decomposed into the orthogonal sum of separable 
T-reducing subspaces. 


Proof of Theorem 12.41 We may suppose that A is not a projection of hnite rank. 
Since T = where every acts on a separable space, the (i)^^(iv) part can be 

proven by Theorem 2.3 straightforwardly. The implication (ii)^^(i) is obvious. First we 
will prove the direction (iv)^^(ii) and then the equivalence (hi) (iv). 

(iv)^^(ii): Set a = dim77(]0,1]), which is necessarily infinite. If a = Mq, then applying 
Theorem |2.3 we can get A as the uniform asymptotic limit of a contraction (on ker A we 
take the zero operator). Therefore we may suppose that a > Mq- We may also assume that 
A is injective. Now we take an arbitrary strictly increasing sequence 0 = Oq < Oi < 02 < ... 
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such that liiUj^oo % = 1, and let aj = dim'H(]aj, Oj+i]) for every j G Nq. Obviously 
/5 := Er= __Qaj = dim'H(]0,1[) < dim'H(]0,1]) = a. Clearly one of the following four cases 


occurs. 


Case 1: aj = a for infinitely many indices j. Then without loss of generality, we may 


suppose that this holds for every index j. By Lemma 2T we can choose a contraction 
To G ![)) such that WTq'^Tq — 1[)|| —)■ 0. Set the operator 


T := To © 1 / G B(n{% 1 [) © ({!}) j, 

where V G ^(7/({!})) is an arbitrary isometry. Trivially T is a contraction with the 
uniform asymptotic limit A. 

Case 2: dim'Hdl}) = a. Let us decompose "Hdl}) into the orthogonal sum "Hdl}) = 
(© df, where dimT’^ = fi for every k E N and dimT’ = a. Setting Aq := 


^([0,1[), we may apply Lemma 2.7 for the restriction of A to Taking any 

isometry on A, we obtain that (ii) holds. 

Case 3: dimT^dl}) < a and aj < a for every j. Then clearly dim'H(](5,1[) = 
dim77(10,1[) = a for any 6 G [0,1[. Joining subintervals together, we may assume that 
< C(j < ctj+i holds for every j G No and supj^Qaj = a. Let Xj := 77(]aj, Oj+i]) 
for every j G Nq. Obviously we can decompose every subspace Xj into an orthogonal 
sum Xj = such that dimXj k = ak for every 0 < /c < j. Then by Lemma 

we obtain a contraction T^ G ®Xj^if) such that the asymptotic limit of T^ is 

one can see 


2.7 


^1 Yl'^k ®T’j,fc in uniform convergence. In fact, from the proof of Lemma 
that 


2.7 


rj^^nrjnn _ 


®T’j'A 

j=k 


< — -l<y-1^0. 


Therefore, if we choose an isometry V G 13(77({!})), we get that (ii) is satished with the 
contraction T := ( ®Tfc) © U G i3(77). 

Case 4-' dim77({l}) < a and aj = a holds for finitely many j (hut at least for one). We 
may assume cio = «, < C(j < cij+i for every j G N and supj>]^ aj = a. Take an orthogo¬ 
nal decomposition 77(]0, ai[) = ®'^fc, where dimT^ = Set also Xj := 77(]aj, Oj+i]) 

for every j G N and take a decomposition Xj = J2k=i ®^j,k such that dim Xj^k = otk for 

we obtain a contraction Tk G B{Ck © J2JLk 


every 1 < k < j. Thus by Lemma 


2.7 
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such that the asymptotic limit of is the restriction of A to the subspace ®^j,k 

in uniform convergence. As in Case 3, we get (ii). 

(iii) ^^(iv): Since 1 = rf ^{ A ) < ||A||k < ||A|| < 1, we have ||A||k = 1. An application of 
m Lemma 5] gives us dim'H(]5,1]) = k (0 < 5 < 1). 

(iv) ^>(iii): We may assume that dim'H(]0,1]) > ^o- Again applying [111 Lemma 5], 
we get IIA""IIK = 1 for all n G N. This means that r^iA) = 1. 

Finally, we notice that if dimker(A —/) ^ N, then we can choose a C.G-contraction. □ 

The following corollary is a straightforward consequence. In particular, this corollary 
gives that whenever A is an asymptotic limit of a contraction, then A'^ is also an asymptotic 
limit of a contraction for every 0 < g. 


Corollary 2.9. Suppose that the function g\ [0,1] —)■ [0,1] is continuous, increasing, 
g{0) = 0, g(l) = 1 and 0 < g{t) < 1 for 0 < t < 1. If A arises asymptotically from a 
contraction, then so does g{A). 


Next we verify Theorem 2A, but before that we need the following lemma. For every 
a G D the function 6a- ® D, ba{z) = is the so called Mobius transformation 
which is a special type of inner functions. Moreover, it is a Riemann mapping from D 
onto itself. We use the notation Ta := ba(T) where we use the well-known Sz.-Nagy- 
Foias functional calculus, which is a contractive, weak-* continuous algebra homomorphism 
H°° —)■ i3('H) such that <Ft(1) = I and <hT(x) = T (xi^) = is satished. For further 
details see |48j . It is easy to see that b-aiTa) = b-a{ba{T)) = ifb-a o ba)iT) = T. 


Lemma 2.10. For every c.n.u. contraction T we have At = At^ 

Proof. Consider the isometric asymptotes (X.^, Vr) and of T and Ta , re¬ 

spectively. Obviously (X.^, baiVr)) is a contractive intertwining pair for Ta, hence we have 
a unique contractive transformation Z G I{VT„^,ba{VT)) and X^ = ZXf^^. Since 

(^AtX,x) = (X^a:,X^x) = HX^txll^ = ||ZX^^a:|p < ||X^^a:|p = (^At^x,x) {x G H), 

At < At^ follows. Therefore 


At < At,, < = At- 


□ 
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Now we are ready to prove Theorem 2.5 


Proof of Theorem 12.51 (i): For an arbitrary vector x &T-L and i = 1,2, we have 


= hm {{T,T,y^{T,T 2 rx,x) = lim mT^Txf 

n^oo n^oo 

< lim ||T"a;|p = hm (T*'^Tyx,x) = (ATiX,x), 

n^oo n^oo ' / \ / 


where we nsed the commnting property in the step {T 1 T 2 )"' = = T^T". 

(ii): Set a := m( 0) and v = ba o u. Then obvionsly v = yta, where x{^) = ^ and w 


is an inner fnnction. From (i) and Lemma 2.10 we get ^^(t) = ^d(t) ^ At- We consider 
isometric asymptotes (Xy,Fr) and 14 (t)) of T and m(T), respectively. The pair 

{Xy, u{Vt)) is a contractive intertwining pair of u{T). Using the nniversal property of the 
isometric asymptotes, we get a nniqne contractive transformation Z G X(14('r), m(Vt)) and 
xy = zxy^^y The last eqnality implies At < Au(t), and so At = Au(t)- 

(iii): Consider the isometric asymptotes 


(X+,Ui),(X+,U 2 )and 


of Ti, T 2 and T 1 T 2 , respectively, where X+ = X^^ = X^^. Obvionsly the pair (X+, V 1 V 2 ) 
is a contractive intertwining pair for T 1 T 2 . Hence we get, from the nniversality property 
of the isometric asymptote, that there exists a nniqne contractive Z G X(hF, V 1 V 2 ) and 
X^ = ZX^rp^. Therefore A < AtiT 2 - 

(iv): This is an immediate conseqnence of (i) and (iii). □ 


For an alternative proof of (ii) above see [HI Lemma III.l]. It can be also derived from 
|28i Theorem 2.3]. 

Conclnding this chapter we provide two examples. First we give two contractions 
Ti,T 2 G Ci.('H) snch that At-^ = At^ and At-^^t 2 7^ At^. This shows that (iii) of Theo¬ 
rem 2.5 cannot be strengthened to eqnality even in the Ci. case. By (iv) of Theorem 2.5 


these contractions do not commnte. 
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Example 2.11. Take an orthonormal basis {ejj : i,j E N} in Ti. The operators Ti, T 2 G 
B(7i) are defined in the following way: 


Cj ,_|_i if j = 1 

■! 

Cij+I if j >l 


ei,2 ifi = j = l 
ei+ij-i if j = ‘^ 

^ei_ij+2 ifi>l,j = l 
if j >2 


Ti and T 2 are orthogonal sums of infinitely many contractive, unilateral weighted shift 
operators, with different shifting schemes. Straightforward calculations yield that 




if j = ^ 


if f 


hence 


since 


for every i,j G N, since ( ~ ^ f > other hand 

rrrr ^f^ = ^ 


Ar^Tietj - 


ei,i if j = l 
if j >l 


n 

m=0 


a/( j + 2m)2 - 1 a/O' + 1 + 2m)2 - 1 


j + 2m 


j + 1 + 2m 


n 

i=j 


I 


Therefore At-^ < At^t 2 and At^ ^ At^t 2 - 


Finally, we give two contractions Ti,T 2 G Cq.{T-L) such that T 1 T 2 G Ci.('H). 


Example 2.12. Take the same orthonormal basis in "H as in the previous example. 
The Co.-contractions Ti,T 2 G BifH) are defined by 


TiCij : = 


VUTW 


i + 1 




T2eij : = 


0 


iff = 1 


ij+i if j ^ ^ 


By a straightforward calculation we can check that 


y(!+1)^ - L 

1 2 J- 'll 

t ~\~ A. 



2. PROOFS 


22 


and so 

A — * 

- —pyeij. 

Therefore we have T 1 T 2 G Ci.('H). 



CHAPTER 3 


Cesaro asymptotic limits of power bounded matrices 

1. Statements of the main results 

This chapter is devoted to the characterization of all possible L-asymptotic limits of 
power bounded matrices which was done in ng. Throughout the chapter T G 
{2 < d < oo) will always denote a power bounded matrix if we do not say otherwise. The 
first important step towards the desired characterization is to show that Banach limits 
can be replaced by usual limits if we consider Cesaro means of the self-adjoint iterates of 
T. 


Theorem 3.1. Let T g be power hounded, then 


At,l = At,c-.= lim - 

n^oo Tl ^ 


holds for all Banach limits L. 


We note that the above limit holds in norm, since we are in finite dimensions. 
Concerning arbitrary dimensions if for an operator T G B{'H) the limit At,c = 
lim^^oo ^ T*^T^ exists in SOT, it will be called the Cesaro asymptotic limit of T. In 


order to prove Theorem 3.1 we will derive some properties of the Jordan decomposition of 
T. Then we will give the characterization of Cn matrices. We would like to point out that 
any matrix is of class Ci. if and only if it is of class Cn which happens exactly when it 
is similar to a unitary matrix (this will follow from Proposition |3.5[ ). The characterization 
reads as follows in that case. 


Theorem 3.2. The following statements are equivalent for a positive definite A G 
B{C^): 

(i) A is the Cesaro asymptotic limit of a power bounded matrix T G Cii(C'^), 
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(ii) if the eigenvalues of A are ti,... ,td > 0, each of them is counted according to 
their multiplicities, then 

1 

holds, 

(iii) there is an invertible S G with unit column vectors such that 


- = d 
td 


(3.1) 


A = = (SS") 




The proof of the general case uses the Cn case, Lemma [T^ and a block-diagonalization 
of a special type of block matrices. We shall call a power bounded matrix T G l- 


stable (0 < Z < d) if dim Ho = I- We will see later from Proposition 3.5 that T and T* are 
simultaneously /-stable, which is not true in inhnite dimensional spaces (simply consider 
a non-unitary isometry). In the forthcoming theorem the symbol Ii stands for the identity 
matrix on and 0^ G B{C^) is the zero matrix. 

Theorem 3.3. The following three conditions are equivalent for a non-invertible pos¬ 
itive semidefinite A G B{C^) and a number 1 < I < d: 

(i) there exists a power bounded, l-stable T G BifCf") such that At,c = A, 

(ii) let k = d — I, if ti,.. .tk denote the non-zero eigenvalues of A counted with their 
multiplicities, then 


1 

ti 


— < k, 
tk 


(iii) there exists such an invertible S G BifCf') that has unit column vectors and 

A = S*-\li(B0k)S-\ 

One could ask whether there is any connection between the Cesaro asymptotic limit 
of a matrix and the Cesaro-asymptotic limit of its adjoint. If T G S(C'^) is contractive. 


then At* = At is valid (see Theorem 2.2). In the case of power bounded matrices usually 
the subspaces TioiT) and TioiT*) are different and hence At* and At are different, too. 
However, we provide the next connection for On class 2x2 power bounded matrices. 

Theorem 3.4. For each T G the harmonic mean of the Cesaro asymptotic 

limits At,c oiid At*,c exactly the identity I, i.e. 
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The proof relies on the fact that the inverse of a 2 x 2 matrix can be expressed with 
its elements rather easily. The same method cannot be applied in higher dimensions. 


Moreover, (3.2) is not even trne in three-dimensions any more. This will be justihed by a 
concrete 3x3 example. 


2. Proofs 


We begin with the description of the Jordan decomposition of power bonnded matrices. 
We recall that a Jordan matrix is a matrix of the following form; 


Oa, 0 ... 0 ^ 

0 Jx^ ... 0 

J = 

^0 0 ... Jxf,j 

where J has the following matrix entries: 

1 ... 0^ 

0 A ... 0 

. . . 

^0 0 ... A^ 


By the Jordan decomposition of a matrix T G we mean the prodnct T = SJS~^ 

where S G B{C^) is invertible and J G B{C^) is a Jordan matrix (see |41j h Recall that for 
any matrix B G B{C'^) the eqnation lim„_).oo \\B^\\ = 0 holds if and only if r(iJ) < 1 (see 
e g. [311 Proposition 0.4]). The symbol diag(...) expresses a diagonal matrix (written in 
the standard orthonormal base). 


Proposition 3.5. Suppose T g B{C‘^) is power bounded and let us consider its Jordan 
decomposition: SJS~^. Then we have 


J = U®B 

with a unitary U = diag(Ai,... A^) G B{C^) (k G Noy) and a B e B{C‘^~^) for which 
r{B) < 1. 

Conversely, if J has the previous form, then necessarily T is power hounded. 
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Proof. For the first assertion, let us consider the block-decomposition of J: 


J — J\ ® ® Jk 

where Jj is a Aj-Jordan block. It is clear that power boundedness is preserved by similarity. 
Since 




1 

0 . 

. 0^ 

n 



/n\ \ n—2 
\2)^3 



0 

A, 

1 . 

. 0 


0 

Xf 

nX^+^ • 


c - 

'^3 

0 

0 

A, • 

•• 0 

= 

0 

0 

X- • 



1 ° 

0 

0 . 

^3 j 


1 ° 

0 

0 

• ^7 


holds, we obtain that if A is an eigenvalue of T, then either |A| < 1, or |A| = 1 and the size 
of any corresponding Jordan-block is exactly 1x1. 

On the other hand, if J = U ® B, then it is obviously power bounded, and hence T is 
power bounded as well. □ 


Next we prove that the Cesaro asymptotic limit of T always exists. Moreover, it can 
be expressed as the Cesaro asymptotic limit of another matrix T' which is obtained by 
replacing the above matrix B with 0. 


Theorem 3.6. Let T G i3(C'^) he power hounded and hy using the notations of Propo¬ 


sition 3.5 let us consider the matrices J' = U ® f) and T' = SJ'S ^. Then the Cesadro 


asymptotic limit ofT and T' exist and they coincide: 


^T,c — ^T',C- 


(3.4) 


Conversely, if the sequence {A Yl'j=i converges for a matrix T, then it is neces¬ 

sarily power hounded. 
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Proof. For the first part, let us consider the following: 


n 


^ n 1 

n ^ n ^ 

i=i i=i 




i=i 


i=i 


5*-^ (- V(0 © B)*^S*S{0 © By + - y ([/ © 0)*^\F*5(0 © B) 
\n n 


(3.5) 


J = 1 


i=i 


n 


y (5 © Qy^s*s{u © 


i=i 


Since hmj^oo(0 © 5)-^ = 0, we obtain that (3.4) holds whenever at least one of the limits 
exists. 

Now we consider the partial sums: ^ T'*^T'K It is easy to see that multiplying from 

the right by a diagonal matrix acts as multiplication of the columns by the corresponding 
diagonal elements. Similarly, for the multiplication from the left action this holds with the 
rows. We have the next equality: 

j'*3S*SJ'^ = 

( ll^eilp A-y(^ei,^e2) ... {Se^, Se^) 0 ... 

A-y(5e2,5ei) ... {Se^, Se^) 0 ... 


o\ 

0 


A^A™ (^e^,^ei) X^X^ {Scm, 862) ... 
0 0 


0 


0 ... 0 
0 ... 0 

0 ... 0/ 


(3.6) 


Since 


lim 

n^oo 


n 

^ Va^’ 

- l.m 

n ^ 

j=i 

n^oo n\X — 1 


= 0 


if |A| < 1, A 7^ 1 (for A = 1 the above limit is 1) and multiplying by a £x matrix does not 
have an effect on the fact of convergence, we can easily infer that the right-hand side of 


(3.4) exists and hence (3.4) is verified 


For the reverse implication, let us assume that converges and as i 


m 


the statement of Theorem 3.1 let us denote its limit by A^c- According to the following 
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equation 


\\£llh\\ = (AtcKIiY'^ ^ lim 

’ 71^00 \n / 

i=i 


and because of uniform convergence, there exists a large enough M > 0 such that 

-i n 1 ^ 


n 


i=i j=i 

holds for each unit vector h G C'^. Since S is bounded from below, the above inequality 
holds exactly when 


n 


E11“'"''ll' 


< M 


t=i 


holds for every unit vector h G C'^ with a large enough bound M > 0. On the one hand, 
this implies that r{J) = r{T) < 1. On the other hand, if there is an at least 2x2 A-Jordan 
block in J where |A| = 1, then this above inequality obviously cannot hold for any unit 
vector (see (3.3)). This ensures the power boundedness of T. □ 


Let us point out that if a sequence of matrices is entry-wise L-convergent, 

then 


and 


L-limX5„ =X-L-lim5„ 


L-lim SnX = (L-lim S^) ■ X 


n^oo n^oo 

hold. This can be easily verihed from the linearity of L. 


Now we are ready to prove Theorem 3.1 


Proof of Theorem 13.11 The equality L-lim„_,.oo A” = A L-lim„_^oo A"^ holds for ev¬ 
ery |A| < 1 which gives us L-lim„_).oo A" = 0 for all A 7 ^ 1, |A| <1 (the Banach limit is 


trivially 1 if A = 1). Now, if we take a look at equation (3.6), we can see that At',l = 
holds for every Banach limit. Since 

(0 © By^s*s{o © By + (o © uy^s*s{o © By + (5 © o)*^'.s*.s(o © uy o. 


the equation-chain 


At,l — At’,l — Atyc — At,c 


is yielded. 


□ 
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A natural question arises here. When does the sequence converge? The 

forthcoming theorem is dealing with this question where we will use a theorem of G. 
Corach and A. Maestripieri. 


Theorem 3.7. The following statements are equivalent for a power bounded T G 

(i) the sequence c B{C^) is convergent, 

(ii) the eigenspaces of T corresponding to eigenvalues with modulus 1 are mutually 
orthogonal to each other. 

Moreover, the following three sets coincide: 

|a G : 3 T G B{C^) power bounded such that A = lim , 

L n^oo ) 

{P*P G B{C^): P G B{C^), P^ = P}, 


{A G B{<Pf') positive semidefinite: a{A) C {0} U [1, cxd[, dimker(A) > rank i7(]l, cx)[)} , 

(3.7) 


where E denotes the spectral measure of A. 


Prooe. The (ii) 


(i) implication is quite straightforward from (3.6). 


For the reverse direction let us consider (3.6) again. This tells us that if A/ ^ A^, then 
{Sei, Sck) has to be 0 which means exactly the orthogonality. 

In order to prove the further statement, we just have to take such a T that satishes (ii). 
Since the limit of exists if and only if the sequence converges 


(by a similar reasoning to the beginning of the proof of Theorem 3.6), we consider 

rjnf^nrjnln _ S 


Trivially, we can take an orthonormal basis in every eigenspace as column vectors of S and 
if we do so, then the column vectors of S corresponding to modulus 1 eigenvalues will form 
an orthonormal sequence, and the other column vectors (i.e. the zero eigenvectors) will 
form an orthonormal sequence as well. But the whole system may fail to be an orthonormal 
basis. This implies that 

lim = S*-\I © 0)^-^ = S*-\I © 0)^*^(J © 0)^-^ 

n^oo 


By [HI Theorem 6.1] we get (3.7). 


□ 
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Next we prove Theorem 3.2 


Proof of Theorem 13.21 (i)^^(iii): Let us suppose that T = SUS~^ holds with an 
invertible S G and a unitary U = diag(Ai,... A^). Of course, it can be supposed 

without loss of generality that S has unit column vectors (this is just a right choice of 
eigenvectors). Moreover, if an eigenvalue A has multiplicity more than one, then the corre¬ 
sponding unit eigenvectors (as column vectors in S) can be chosen to form an orthonormal 


base in that eigenspace. Trivially, this does not change T. Now considering (3.6), we get 

1 


n 


U*^S*SU^ I 


i=i 


and therefore 


* —1 0—1 


At,c = S*-^S 


(iii)^^(i): Take an S such that it has unit column vectors. If we put Aj-s to be pairwise 
different in U and T = SUS~^, then we obviously get At^ = from equation (3.6). 

(iii)^^(ii): By the spectral mapping theorem we have 

d , 


d = tT{S*S) = tT{SS*) = ^ -. 


tj 

J=1 0 


11 


111 


I: It would be enough to hnd such a unitary matrix U G i3(C'^) which satishes 


Indeed, if we chose 


II diag(v^l/fi,..., \/l/td) ■ Uej\\ = 1. 


S := diag(A/lAi, ■ ■ ■, a/i 7^) ■ f/. 


SS* would become diag(l/ti,..., 1/td) and (2.3) would give what we wanted. 

The idea is that we put such complex numbers in the entries of U that have modulus 
because then the column vectors of S will be unit ones and we only have to be 
careful with the orthogonality of the column vectors of U. In fact, the right choice is to 
consider a constant multiple of a Vandermonde matrix: 
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where £ = We show that its column vectors are orthogonal to each other which will 

complete the proof. For this we consider ji 7 ^ j2,ji,j2 £ {1,2,... d} and the inner product 


{Ucj^Uej,) = 


k=l 


Vd 


Vd 


E 

k=l 




= 0 . 


This shows that U is indeed unitary. 


□ 


In order to handle the non-Cn 
statement reads as follows. 


case we will use a reversal of Lemma 1.4 This reversal 


Lemma 3.8. Suppose that the matrix T G i3(C'^) has the block-matrix upper triangular 
representation as in Lemma 1^, with respect to an orthogonal decomposition C'^ = l-i'®T-L" 
such that To G C'o.('H') (R G is arbitrary) and Ti G Then necessarily 

T is power bounded and its stable subspace is precisely R'. 


Proof. By an easy calculation we get 

T" = 

0 Tf y 

where 

n 

Rn = YTo~'RTl 

i=i 

Let us assume that ||T^||, ||Tf ||, ||T|| < M is satisfied for each n G N. In order to see the 
power boundedness of T, one just has to use that i|T^|| < r"' holds for large n-s with a 
number r < 1, since we are in a finite dimensional space. It is quite straightforward that 
W C Rq{T) and since for any vector x G R” the sequence does not converge to 

0, then neither does Consequently we obtain that R' = Rq{T). □ 


The above proof works for those kind of inhnite dimensional operators as well for which 
r(To) < 1 is satisfied. However we note that in general it is not valid. 

Now, we are in a position to show the characterization in the non-Cn case. 


Proof of Theorem 13.31 The equivalence of (i) and (hi) can be handled very simi¬ 


larly as in Theorem 3.2 
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{EeCuiC’^)) 

for the adjoint of a power bounded matrix (up to unitarily equivalence) which is general 


enough for our purposes (see Theorem 3.6 and Lemma 3.8). Since E* is invertible it is 
equivalent to investigate the two forms above. From the equation 


rp^nrpn _ 



we get 


^T,c — 


M 

( RE*^E^R 

E^j 

1 e*'^E'^R* 

^e,cR* 

RAee\ 

c>* 

Ae,c j 


X = 


Calculating the null-space of At^c suggests that for the block-diagonalization we have 
to take the following invertible matrix: 

h r\ + 0 

-R* Ik) \ 0 {h + R*R)-^^\ 

The inverse of X is precisely 

0 W Jz -i? 

0 {h + R*R)-^/y \R* Ik 

which implies that X is unitary. With a straightforward calculation we derive 


ih + RR*)-^/^ 

Ji — 


X-^At,cX = Oz © [(4 + R*RY^^AE,c{Ik + R*RY^^] . 

Here (4 + R*Ry/^ = 4 + Q holds with a positive semi-dehnite Q for which rank(Q) < I 
holds and conversely, every such 4 + Q can be given in the form (4 + R*RY^^. Therefore 
the set of all Cesaro-asymptotic limits of /-stable power bounded matrices (again, up to 
unitarily equivalence) are given by 

|0z © [(4 + Q)AE,c{Ik + Q)] : Q £ B{CY, 

positive semidehnite rank(Q) <l,E G Ci^C^)! 

and every positive operator of the above form is the Cesaro-asymptotic limit of an /-stable 
power bounded matrix. 
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Finally, let us write 


and 


ih + Q) =U ■ diag(gi,... • £/* 




where U is unitary and qj < 1 for each 1 < j < k. Therefore 

— + ■■■ + — = tr ((Jfc + Q) + Q) ^) = tr + Q) 


= tr {U*Aj^]cU ■ diag(gi,... qk)) = q^ajj < tT{Aj^^c) = ^ 

i=i 

is fulhlled for each Z-stable power bounded matrix T. 

(ii)^»(i): Set some positive numbers ti,... ,tk such that 


1 

h 


H- < k 

tk 


is valid. If we take such a 0 < c < 1 for which 

11 1 , 

—— + — + ■■■ + — — k, 

C ' Zi 62 

then obviously A = diag(c ■ ti, ^2 • • • 4) arises as the Cesaro asymptotic limit of a power 
bounded operator from C'ii(C^). Therefore if we take the rank-one Q = dia.g{l/^/c — 
1 , 0 ,... 0) positive semi-dehnite matrix, we get {Ik + Q)A{Ik + Q) = diag(ti, t 2 .. .tk). This 
ends the proof. □ 

Next we prove our formula concerning 2x2 matrices. 


Proof of Theorem 13.41 Let T = 5diag(Ai, A 2 ) 5 “^ with |Ai| = IA 2 I = 1 and S e 
i3(C^) be invertible for which the column vectors are unit ones. We have learned from the 


proof of Theorem 3.2 that in this case Aj.^ = SS* happens. The matrix S can be written 


in the following form: 






hi,2^ 


^h2,ll/l - /i2,2\/l - 

where = 1 {j,l G { 1 , 2 }) and s,f G [ 0 , 1 ] provided that the above matrix is invertible. 
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By taking diag(l//ii^i, 1/^ 2 , 1 ) ■ S instead of S and using (2.3), we can see that without 
loss of generality /ii^i = fi 2 ,i = 1 can be assumed, so we have 






/i-i _ qc* _ 

J±rp ^ - kJ D - 


a/1 - /42,2a/1 - 

and thus 

sa/1 - + t\/l - 

^Sa/ 1 - + tA/l - t‘^IJ,22lM2 2- 

Finally, since T* = diag(Ai, A 2 ) 5 '* and we have 

1 / \/l - ^^7122 -\/l - 


5*-' = ,__ . _ 

sa/ 1 - f2/i22 - t a/ 1 - §2^12 y -tjri2 

we immediately obtain 

a/ 1 - f2^ -a/1 - s2\ ( a/ 1 - ^2^22 -t/4l2 


4 -^ - 

^T*,C ~ 


—tfl 


12 


-vT^ 


s^ s 


-sVl - s 2 - t\/l - 1^221^12 


-Sa/1 - S2 - tyjl - f2;i,22hl2 


s 2 +t 2 


which implies (3.2). 


□ 


In the proof we used that the inverse of a 2 x 2 matrix can be expressed quite nicely. 
As we mentioned earlier, the above theorem cannot be generalized in higher dimensions. 
In fact when dimH = Mq, then we can get counterexamples quite easily. Let us consider 
a weighted bilateral shift operator which has weights 1 everywhere except for one weight 
which is 1/2. This trivially dehnes a contraction. Moreover, At and At* are invertible 
which implies that T is similar to a unitary. However At, At* < /, At 7 ^ I and At* 7 ^ I 
which implies At^} + A^l > 21 but A^^ + A^l 7 ^ 21. 

In the matrix case we do not have such an easy counterexample. However, simple 


computations tell us that usually (3.2) does not hold even for 3 x 3 matrices. For example 
if we consider 




T = 


i 2 1 
0 1 i 
10 4 




1 0 0 

0-10 
0 0 i 


\ 




i 2 1 
0 1 i 
10 4 
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then the eigenvalues of + A^l ^ are approximately 1.27178,2.1285 and 2.59972. 

Finally we give some examples. First, we provide such a power bounded weighted 
shift operator T for which the L-asymptotic limit really depends on the choice of the 
particular Banach limit L. Moreover, the Cesaro asymptotic limit of T exists. We will use 
a characterization from [34] of all the possible Banach limits of a bounded real sequence. 
Namely, G. G. Lorentz proved that for every x^i°° real sequence the equality 


I L-hmx„: L G £} = [q'{x),q{x)] C 


holds where C stands for the set of all Banach limits and 

p 


q{x) = inf I limsup x^+k- p G N, rii,... G n|, 
f fe-^oo ^ J 

j=i 
1 ^ 

liminf -J^Xn.+k- p E N,ni,.. .rip E N 

L k—>-oo T) } 


q \X) = sup 


Tcj = 


Example 3.9. Let us £x an orthonormal basis and define T in the following 

way: 

\p2 ■ Cj+i j = 3^ for some I E N 
1^172 • Cj+i j = 3 '' + I for some / G N • 

Cj+i otherwise 

Since ||T’^|| = ^/2 holds for each n G N, T is power bounded. A rather easy calculation 
shows that the equation 

2ei 3^ < n < 3^ + / for some I E N 
Cl otherwise 

is valid. Therefore by Lorentz’s characterization we get 


T*^T^ei = 


{(A'r,Lei, Cl): L G £} — [1,2]. 

It is quite easy to see that the sequence consists of diagonal operators 

(with respect to our fixed orthonormal basis). A straightforward computation gives us 
At,c = I- 


The last two examples concern the existence of the Gesaro asymptotic limit and power 
boundedness. From these examples we will see that none of the mentioned properties 
concerning T implies the other one. 
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Example 3.10. We define T with the equation 

\pi ■ Cj+i j = 3^ for some / G N 
a/1/2 ■ Cj+i j = 2 ■ 3^ for some / G N • 
Cj+i otherwise 


Te, = <: 


T*^T^ei = 


Clearly 

/ 

2 ■ Cl 3* < n < 2 ■ 3* for some / G N 
Cl otherwise 

holds. The Cesaro means of the sequence {(T*'^T"'ei, ei)}„gN does not converge, hence the 
the Cesaro asymptotic limit of T cannot exist. On the other hand, ||T"'|| = a/2 is satished 
for every n G N, thus T is power bounded. 


Example 3.11. Our shift operator is dehned as follows: 


Tej 


■ Cj+i 3^ < j < 3^ + / for some I G N 
Cj+i otherwise 


On the one hand, it is not power bounded because ||T”|| = On the other hand, it is 
not hard to see that At,c exists and it is precisely the identity operator. 



CHAPTER 4 


Asymptotic limits of operators similar to normal operators 


1. Statements of the results 


The present chapter contains onr results from m- First we will give a generalization of 
the necessity part in Sz.-Nagy’s similarity result (Theorem 1.2 and |1.3 ). Let us consider a 
normal power bounded operator N G Since r{N)‘^ = r{N'^) = ||iV"’|| holds (n G N), 

we obtain that iV is a contraction. A quite straightforward application of the functional 
model of normal operators (see O Chapter IX]) gives us that ®0no(N) holds 


where A^|(ranA 7 v) is the unitary part of N. In view of Theorem 1.3 it is reasonable to 


conjecture that when a power bounded operator T is similar to a normal operator then 
At,l I (ran At,l)“ should be invertible. Indeed this is the case as we shall see from the 
forthcoming theorem. But before stating it we need some dehnitions. We recall that if the 
operator A G i3('R) is not zero, then the reduced minimum modulus of A is the quantity 
7 (A) := inf{||Ax||: x G (her A)-*-, ||x|| = 1}. In particular if A is a positive operator, then 
7 (A) > 0 holds exactly when A|(ran A)“ is invertible. Our Erst result concerns two similar 
power bounded operators and it reads as follows. 


Theorem 4.1. Let us consider two power hounded operators T, S ^ Co-iLL) which are 
similar to each other. Then > 0 holds for some (and then for all) Banach limits 

L if and only if j^As^l) > 0 is valid. 

Moreover, '-^{At^l) > 0 holds if and only if the powers of T are bounded from below 
uniformly on TLq{T)^, i.e. there exists a constant c > 0 such that 

c||x|| < llT’^xll (x G'Ho(r)^,n G N). 

In particular, ifT is similar to a normal operator, then ■j{At,l) > 0 and ■j{At*,l) > 0 
are satisfied. 


The proof of Theorem 4A will use Lemma |1.4 This theorem can be considered as 
a generalization of the necessity part in Sz.-Nagy’s theorem and it can help in deciding 


37 
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whether an operator is similar to e.g. a normal operator in some cases. However, the last 


point of Theorem 4.1 is clearly not reversible which can be seen by easy connterexamples. 
For instance set an arbitrary operator B G B{'H) with r{B) < 1 and consider T ■= B®I G 
B{'H © T-L). On the one hand, T is nsnally not similar to any normal operators, bnt on the 
other hand. At = 0 © / which implies 7 (Hr) = 1. 

As we have seen, Sz.-Nagy’s theorem says that At^l is invertible when T is similar to a 
nnitary. If T is a contraction, then we can state more than simply the invertibility of At- 
Namely we will prove the following statement where (i) is only an implications statement, 
bnt (ii) is an ”if and only if” one. We recall that the minimal element of the spectrnm of 
a self-adjoint operator A is denoted by r_{A). 


Theorem 4.2. 

(i) Let (AmT-i = 00 and T G B{l-i) he a contraction which is similar to a uni¬ 
tary operator. Then dimker{A t — r(A t)I) G {0, cxd }. Consequently, the condition 
r(A'r) G cre(A'r) holds. 

(ii) Let diniTL = Kq? A ^ B{TL) he a positive, invertible contraction and suppose that 
the conditions 1 G cTe(A) and dimker(A — r{A)I) G {0,Ko} are fulfilled. Then 
there exists a contraction T G B{'H) which is similar to a unitary operator and 
the asymptotic limit ofT is exactly A. 


This theorem can be considered as a strengthening of the necessity part in Sz.-Nagy’s 
similarity theorem. In particnlar, in the separable case it provides a characterization of 
asymptotic limits for those contractions which are similar to nnitary operators. We note 
that it is an open problem to describe the L asymptotic limits of those operators that are 
similar to nnitary operators and act on infinite dimensional spaces. 


2. Proofs 


In order to prove Theorem 4.1 we need two lemmas. The first one reads as follows. 


Lemma 4.3. Consider a power hounded operator T ^ C'o.('H). Then the following con¬ 
ditions are equivalent: 

(i) the inequality 7 ( 2 !^^^) > 0 is satisfied for some and then for all Banach limits L, 
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(ii) the compression Ti := PiT^H^ is similar to an isometry, where Pi denotes the 
orthogonal projection onto the subspace Pq , 

(iii) the powers of T are bounded from below uniformly on Pq, i.e. there exists a 
constant c > 0 such that c||a;|| < ||T"'a;|| is satisfied on Pq for all n eN. 


Proof. (i)=^(ii). We will use the decomposition At,l = 0©Ai G B{Po®Pq), where 
Ai is obviously invertible. Consider the isometric asymptote Vt^l)- If we restrict the 

equation 

= X+iT (4.1) 

to the subspace P^, we get the following: 

= VT,LXl^\Pi = Xl^T\P^ = Ti, 


which verihes that the operator Ti is indeed similar to the isometry Vt,l- 
(ii)^^(iii). By Lemma 1.4, we have 


rj^n _ 


T 'r, 
n 


0 Tf 


Therefore, by Sz.-Nagy’s theorem, there exists a constant c > 0 for which 


\\T^x\\ > \\Tfx\\ > c||x|| {neN,xe P^). 


(iii)^^(i). Let x G Pq be arbitrary, then we have 


II^TL^lP = L-lim ||T"'a:||^ > c^||a;||^, 

’ n — 


which means exactly that 7(^4;)/^) > c and hence 'y{AT,L) > > 0 is satished. 


□ 


We proceed with the following technical lemma. 


Lemma 4.4. Consider an orthogonal decomposition P = K, ® C, and an invertible 
operator X G B{P). Suppose that the block-matrix of X is 



X 


G B{X®C), 
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and the element Xu G B{)C) is surjective. Then the elements Xu G B{)C) and X 22 G B{C) 
are invertible and the block-matrix form of X~^ is the following: 


x-^ = 




^ 22 ' 


G B{1C®C). 


Proof. Let X~^ = 


Yu Y, 


12 


P21 P22 


G B{1C © C). Since X is invertible, Xu has to be 


injective, thus bijective. The (2,l)-elenient of the block-matrix decomposition of X“^X = I 
is 121-^11 = 0 G B{IC,C) which gives us Yu = 0. The (2,2)-elements of XX“^ = I and 
X“^X = I are X 22 T 22 = Ic and 1 ^ 22-^22 = kc, respectively, which imply the invertibility 
of X 22 G B{C). Finally, an easy calculation verifies the block-matrix form of X~^. □ 


Now we are in a position to present our generalization of Sz.-Nagy’s theorem. 

Proof of Theorem 14.11 We begin with the hrst part. Let X g B{'H) be an invert¬ 
ible operator for which S = XTX~^ holds. It is easy to see that 'Ho{S) = XTiolfT), which 
gives us dim'Ho(T) = dim'Ho(5') and dimj-LoiT)^ = dim'Ho(*S')'*'. Therefore we can choose 
a unitary operator U E B{'H) such that the equation 


Ho(t) = uno{s) = uxnoiT) = noiusu*) 


(4.2) 


is valid. By (2.3), it is enough to prove the inequality 


7{Ausu*,l) > 0. 


Now, consider the block-matrix decompositions (1.2) and 

[ Yu Xi 2 \ 

UX=\ G B{no{T) © {UoiT))^). 

\ 0 Y 22 ) 

The latter one is indeed upper block-triangular and moreover, the element Yu is surjective. 


because of (|4.2|). Therefore by Lemma 4.4 we obtain the equation 

G B{no{T) © (Ho(T))- 


iux)-^ = 


Yu^ -Yu^YuY22^ 


0 




-1 

22 


An easy calculation gives the following: 

PrUSU*\{U,{T))^ = Pi(f/X)T(f/X)-i|(Ho(T))^ = Y22T{Yff^\ 
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where Pi denotes the orthogonal projection onto the snbspace {'Ho{T))^. Now, if the 


ineqnality > 0 holds, then by Lemma 4.3 the operator Ti is similar to an isometry. 

Bnt this gives that the compression PiUSU*\{l-Lii{T))^ is also similar to an isometry, and 


hence by Lemma 4.3 and (4.2) we get that 7 (^ 45 ^^) > 0 holds. 

The second part was proven in Lemma [4.3[ 

The third part is an easy consequence of the fact that the asymptotic limit of a power 
bounded normal operator N is always idempotent. □ 

Next we prove a consequence of Theorem 4.1[ We recall definitions of some special 
classes of operators to which the similarity will be investigated in the forthcoming corollary. 
The operator T G B{T-L) is said to be 

• of class Q if ||Tx|p < |(||T^a;|p + ||a:|p) holds for every x eP, 

• log-hyponormal if log(T*T) > log(TT*) is satisfied. 

An operator T is called paranormal if ||Ta;|p < ||T^x||||x|| is valid for all a; G Tf. It is 
quite easy to verify from the arithmetic-geometric mean inequality that every paranormal 
operator is of class Q as well. 

We say that the operator T has the Putnam-Fuglede property (or PF property for 
short) if for any operator X G B{P,)C) and isometry V G B{)C) for which TX = XV* 
holds, the equation T*X = XV is satisfied as well. 


Corollary 4.5. For a power bounded operator T G B{P) and a Banach limit L the 
following implications are valid: 

(i) if T ^ C.oifH) is similar to a power bounded operator that has the PF property, 
then the condition ■j{At*,l) > 0 is fulfilled. 

(ii) if T ^ C.iiifH) is similar to an operator that is either log-hyponormal or of class 
Q or paranormal, then the ineguality 'j{At*,l) > 0 is satisfied. 

Proof. Theorem 3.2 of [39j tells us that the PF property for a power bounded opera¬ 
tor T is equivalent to the condition that T is the orthogonal sum of a unitary and a power 
bounded operator of class C.q. Therefore (i) is an easy consequence of Pagacz’s result and 
Theorem 14.11 

If T is log-hyponormal, then Mecheri’s result (see |36j ) implies that T has the PF 
property, and thus 7(A'r* 2 .) > 0 holds. 
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Finally, let us assume that T is a power bounded operator which also belongs to the 
class Q. We prove that then it is a contraction as well. If ||Ta:|p — ||a;|p > a > 0 held for a 
vector X G then we would obtain ||T^x|p — ||Tx|p > ||Txp — ||x|p > a. By induction 
we could prove that — ||T"x|p > a would hold for every n G N. Therefore the 

inequality ||T”+^x|p — ||xp > n ■ a would be true, which would imply that T could not 
be power bounded. Consequently, T has to be a contraction. P. Pagacz showed that a 
contraction which belongs to the class Q, shares the PF property (see |40j and [38] for the 
paranormal case). This gives us that > 0 is valid, which completes our proof. □ 

Next an application of the above results will be presented. It is easy to see that if the 
weighted bilateral shift operator T with weights {wfcjfcez C C is power bounded, then the 
L-asymptotic limit satisfies the equation = (L-lim„_^oo 11^=0 every 

A; G Z. A weighted bilateral shift operator T is power bounded if and only if the inequality 

n 

sup I \u!k+j \ ■ A; G Z, n G N U {0}| < oo 
j=o 

is fulhlled (see mi Proposition 2]). By Sz.-Nagy’s theorem T is similar to a unitary 
operator exactly when it is power bounded and, in addition, the following holds: 

n 

inf I \ wk+j \ '■ A: G Z, n G N U {0}| > 0. 

i=o 

Corollary 4.6. Let I be an arbitrary set of indices. Consider the orthogonal sum 
W = ©ig/VFj G which is power bounded, and each summand Wi is a weighted 

bilateral shift operator that is similar to a unitary operator. If W is similar to a normal 
operator, then necessarily it is similar to a unitary operator. 

Proof. Let us denote the L-asymptotic limit of Wi by A*. Since the subspaces Hi are 
invariant for the operators W*'^W'^ {i E I,n E N), we obtain the equation Aw,l = ©ie/^L 
Since each summand Wi is similar to a unitary operator, the operator Aj is invertible and 
A^^Wi = holds for every i E I where Si denotes a simple (i.e. unweighted) bilateral 

shift operator. From the power boundedness of W, sup{||Aj||: A G /} < oo follows. 

On the one hand, if sup{||A“^||: i G /} < oo is satisfied, then 


W = (©*67A,)-'/2(©*6/L,)(©,e,A.)'/' 
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gives that W is similar to a unitary operator. On the other hand, if the inequality fails, 


then = ©jg/Aj is not invertible, but injective. By Theorem 4.1, we obtain that in 

this case W cannot be similar to any normal operator. Our proof is complete. □ 


We continue with the verihcation of (i) in Theorem 4.2 Point (ii) will be proven later. 


Proof of (i) in Theorem 4.2, Since A'r is invertible, the inequality r := r(y4r) > 0 


is satished. It is trivial that if r = 1, then At = /, and in this case the statement of the 
theorem is obviously true. Therefore we may suppose that r < 1. 

We will use the notation Ai = ker(74'r — rl). Assume that the condition 0 < dim Ad < 
oo holds. If we set an arbitrary vector h G Ad, then we have 

r'/^llhll = |l4'"ft|| = > r‘/2||T-'/!|| (4.3) 

which implies that the inequality ||T“^h|| < ||h|| is fulhlled for any h G Ad. But T is a 
contraction, therefore ||T“^/;,|| = ||/;,|| for every h G Ad. Because of the latter equation 
and (4.3) we deduce || {h G Ad) which implies that the hnite- 
dimensional subspace Ad is invariant for the operator T~^. Since T is bijective, we get 
that T~^A4 = Ad is satished and the restriction T|Ad is unitary. Since T is a contraction 
and dim Ad < oo, these imply that Ad is reducing for T. On the other hand, rJ|Ad = 
At\M. = /|Ad follows which is a contradiction. □ 


Before proving (ii) of Theorem 4.2, we need the following lemma. We note that the 


method which will be used here is similar to the one which was used in Section 2. There 
operator-weighted unilateral shift operators were used and here we use operator-weighted 
bilateral shift operators. This will result in some further complications. 


Lemma 4.7. Suppose we have a positive, invertible contraction A G an orthogo¬ 
nal decomposition Ti = where the subspaces yk are reducing for A, and a unitary 

operator U G BifH) such that the following conditions hold: 

(i) the eguation Uyk = 3^fc+i is satisfied for all k E Z, 

(ii) we have lim)(._j.oo F(A|3^fc) = 1, and 

(hi) the ineguality < || is fulfilled for every k eZ and yk E yk- 

Then T := A~^I‘^\J E BfiH) is a contraction for which At = A holds. 
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Proof. By (iii) we obtain 


T*y,\\ = \\A^/^U*A-^/^y,\\ < \\A^/^UU*A-^/^y^W = \\yk 


which gives that T is indeed a contraction. 

Consider an arbitrary vector y^ € 3^^ {k ^ Z,). The following inequality holds for any 
£ > 0 choosing n large enough: 


||r™r"9i - Ay4 = \\A^I^U-"(A-' - 

< - /)|y»+„|| . P'/Vll < ■: • ll!/»l|. 

This shows that T*'^T^yk —^ Ay^ holds for every vector y^ G 3^^ and number k E Z. But 
3^fc is reducing for the operator (fc G Z, n G N) which implies At = A. □ 


Finally, we present our proof concerning (ii) in Theorem 4.2 


Proof of (ii) in Theorem. 
PART I. 


We will assume in this part that ker(A — /) = {0} holds. First, we choose an ar¬ 
bitrary two-sided sequence {ak}k£Z for which the conditions ak < ak+i {k G Z), 

limfc^—oo CLk = L and limfc^oo Ofc = 1 are valid. We will use the notations Xk := 'H{[ak, afc+i[) 
(fc G Z) and Ai = ker(A — rl) where T-iioj) denotes the spectral subspace of A associ¬ 
ated with the Borel subset ca C M. There are five different cases which will be considered 
separately. 


Case I.l. When 4i^{k < 0: dimA^ = Kq} = > 0: dimA^ = Kq} = Kq holds. 

Choosing a subsequence if necessary we may suppose that dim Xk = Kq is valid for every 

we 


k E Z. On the one hand, if additionally Ai = {0} is satisfied, then using Lemma 4.7 


get what we wanted. On the other hand, if dim Ad = Kq, then we choose an orthonormal 
base {ek}kl_^ in Ai, set 


yk = 


Afc © (C ■ Cfc) if A; < 0 
Xk elsewhere 


and choose an arbitrary unitary operator U such that Uyk = 3^fc+i {k E Z) and Uck-i = Ok 


{k < 0) hold. Then again, we use Lemma 4.7 
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Case 1.2. When ^{k < 0: dimA’fc = Kq} = > 0: dimA’fc = Kq} is valid. We 

can assume without loss of generality that the condition dimA’^. = Kq is satished exactly 
when k < 0. We choose an orthonormal base {ek,i. fc > 0,/ > 0} in 'H{[ao, 1[) such that 
every vector Ck^i is an eigenvector of A associated with the eigenvalue ak,i, and the equation 
C(k,i < Oik+i,i holds for every fc > 0,/ > 0. This can be obviously done since 1 G cTe(A). 
Set yk := y{ek,i : / > 0} if /c > 0 and for fc < 0 in the same way as in the previous case 
(bearing in mind whether Ai = {0} or not). Now, if we choose such a unitary operator 


U E for which point (i) of Lemma 4.7 and the equation Uck-i = Ck {k < 0) hold, 

we can easily complete this case. 


Case 1.3. When < 0: dimA*, = Kq} < Kq = > 0: dimA*, = Kq} is true. We 

may suppose that the equation dimA^ = Kq holds if and only if fc > 0. The restriction 
A|'H([r, ao[) is trivially diagonal and trivially acts on an inhnite-dimensional subspace, 
since r E (Te{A). Therefore we can choose an orthonormal base {ck^i'. k,l < 0} which 
consists of A-eigenvectors: = ak^iek^u such that the inequality a/c-i,; < oik,i is fulhlled 

for all A;, /< 0. If we have 


yk 


y{ek,i-. I < 0 } 


if < 0 


Wk 


elsewhere 


and a unitary operator U E BiTi) such that the equations Uyk = yk+i {k E Z) and 


Uek-i,i = ek,i {k < 0) are satished, then again by Lemma 4.7 we easily complete this case. 


Case 1.4. When 0 < ij^{k E Z: dimA^ = Kq} < Kq is fulfilled. Without loss of 
generality we may suppose that the equation dimA^ = Kq is true exactly when k = 0. 
Obviously, both of the restrictions A|'H([r, ao[) and A|'H([ai,l[) are diagonal operators 
and are acting on inhnite-dimensional subspaces. We choose orthonormal bases {ck^i : k < 
0,1 E Z} and {ck^i- k > 0,1 E Z} in the subspaces ^^([r, ao[) and 'H{\ai,l\), respectively, 
such that Ack^i = ak,iek,i holds for some positive numbers {ak,i. k,l E Z,k ^ 0}, and 
Cik,i < <yk',i is valid for arbitrary integers k, k', I for which k 0,k' 0,k < k'. Now, if 


yk 


Ao 

V{efc^/ -. I E Z} 


if A: = 0 
if A; ^ 0 
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and U G is a unitary operator such that Uyk = 3^fc+i {k G Z) and Uck-i^i = Ck^i 


{k < 0,k > 1) are satished, then again, we can use Lemma 4.7 in order to complete this 
case. 


Case 1.5. When dirndf^ < Mq is fulfilled for all A; G Z. We can use a very similar 
argument as in the previous case, therefore we omit the details. 

PART II. 


In this part we assume that dimker(A — /) > 0. It is easy to see that exactly one of 
the equations ker(A — /) = "H and dimker(A — I)^ = Mq holds, because r G afiA) is valid. 
It is also quite obvious that if T' G BifK') and T" G BifK'') are two contractions such 
that both of them are similar to a unitary operator, then T' © T" G B{T-L' © "H") is also a 
contraction that is similar to a unitary operator and we have = At' © At” • 

Case II.1. When either A = I or 1 G cre{A\ ker(A — /)■'■). If A = J, then we simply 
set T = J. If the relation 1 G o'e(A| ker(A — /)-*■) holds, then by PART I we can choose 
a contraction T' G i3(ker(A — /)-*■) that is similar to a unitary operator and for which 
At' = A| ker(A - J)^ holds. If T = T' © / G S(ker(A - J)^ © ker(A - /)), we get At = A. 


Case II.2. When dimker(A — J)-*- = Mq and 1 ^ cTe(A|ker(A — /)■'■). Obviously, the 
conditions dimker(A — /) = Mq and r(A|ker(A — /)-*■) < 1 hold. Consider a sequence 
{ak}k=-oc — [L) f(A| ker(A —J)-*-)] such that Uk-i < {k < 0), Oq = r(A| ker(A —/)-*-) and 
hmfc^_oo ttk = r are satished. Set := 'H{[ak, afc+i[) (A: < 0). If the equation dim = Mq 
holds for inhnitely many A: < 0, then we may assume that it holds for every A: < 0. Assume 
hrst that this happens. Then we simply choose yk = Xk {k & Z) where ker(A — I) = 


®^^QXk,dimXk = Mo (fc > 0), and we use Lemma 4.7, In fact, this is the case when the 
scalar valued spectral measure of A| ker(A — /)-*■ is continuous (i.e. there are no atoms). 

Second, we suppose that the equation dim Xk = Mq holds only for hnitely many numbers 
A: < 0. We consider the decomposition ker(A —/)■*■ = /Ca©/Cc where both of the subspaces 
/Ca and /Cc are A-invariant and the scalar valued spectral measure of the restrictions A|/Ca 
and A|/Cc are purely atomic and continuous, respectively. If /Cc 7 ^ {0}, then we choose 
a splitting ker(A — /) = £1 © £2 where dim£i = dim £2 = Mq holds. By the previous 
paragraph there is a contraction T' G B{Ci © Kf) which is similar to a unitary operator 
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and for which At' = A\{Ci © /Cc) holds. This shows that it is enough to consider the case 
when A is diagonal. 

If A is diagonal, then the eigenvalues (counting with their multiplicities) {c(k,ik, I eX} 
can be easily ordered in a way such that ak,i < ak+i,i {I, k E Z) and ak,i = 1 {k,l E Z,k > 
0) hold. Now, if we choose yk ■= y{ek,i : I E Z} and define the unitary operator U E B{'H) 
by the equation Uck^i = ek+i,i {k,l G Z), then by a straightforward application of Lemma 
4.7|our proof is completed. □ 



CHAPTER 5 


Injectivity of the commutant mapping 

1. Statements of the results 

Throughout this chapter T always denotes a contraction. Given any C G {T}' there 
exists exactly one D G {Wt}' such that XtC = DXt- This enables us to define the 
commutant mapping y'r of T in the following way: 

7 = 7 ^; {T}' ^ {Hr}', C^D such that XtC = DXt- 

It can be shown that 7 is a contractive algebra-homomorphism (see |48l Section IX. 1] for 
further details). This commutant mapping is among the few links which relate the con¬ 
traction to a well-understood operator. It can be exploited to get structure theorems or 
stability results, see e.g. m ESI EH EH SO]. Hence it is of interest to study its properties. 
Our purpose in |14j was to examine the injectivity of 7 , and in this chapter we give the 
results obtained in that publication. If T is asymptotically non-vanishing, then Xt and 
hence 7 ^ are clearly injective. A natural and non-trivial question is that if the commutant 
mapping is injective, is necessarily T of class Ci.? However, this is not true. A counterex¬ 
ample will be given which will justify it. But before that we will prove the next two results. 
The first one provides four necessary conditions for injectivity. For a contraction T let Pq 
denote the orthogonal projection onto the stable subspace. The compressions Pq^I^o and 
(/ — Po)T\'Hq are denoted by Tqq and Tn, respectively. 

Theorem 5.1. If the commutant mapping 7 of the contraction T G B{'H) is injective, 
then 

(i) x(rn,roo) = {o}, 

(ii) aap{T^o) n aap{Tu) ^ 0 , 

(hi) crp{T) n Up{T*) fl D = 0, and 

(iv) there is no direct decomposition P = M.o f- M.\ such that Ado, Ali are invariant 
subspaces of T and {0} 7 ^ Ado C Pq- 
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In view of condition (iii) of the previous theorem it is of interest to express the point 
spectra of T and T* in terms of the matrix entries. We will give such a result as Proposition 

EJl 

For an operator A on a Hilbert space and for a complex number A, the root subspace 
of A corresponding to A is defined by ker(H — AJ) := ker(H — A/)h We say that the 
operator A has a generating root subspace system if = V |ker(y4 — AJ) : A G CTp(H) ^. 
Our second result is about sufficiency. Namely, it shows that under certain circum¬ 


stances (iii) of Theorem 5.1 is sufficient for the injectivity of 7 . 


Theorem 5.2. Let us assume that the stable component Too of the contraction T 
satisfies the following conditions: 

(i) f^p(^oo) C ap(Too), 

(ii) Tqq has a generating root subspace system. 

Then 7 is injective if and only if CpiT) fl CpiT*) fl D = 0. 


We recall that a c.n.u. contraction T is called a Co-contraction, if there exists a function 
d G such that 'd(T) = 0. If'd = dide where di and d^ are the inner and outer part of'd, 
respectively, then dfiT) = 0. It can be shown that here exits an inner function dx G H°° 
such that dxiT) = 0, and whenever d G H°°,d{T) = 0 holds, the function "d is a multiple 
of dx- This dx is called the minimal function of T. The conditions of the previous theorem 
are satisfied in a large class of Co-contractions. 


Corollary 5.3. Let us assume that the stable component Too of the contraction T 
is a Co-contraction, and the minimal function d of Tqq is a Blaschke product. Then 7 is 
injective if and only if ap{T) n (JpiT*) fl D = 0. 

After that we will be able to present our example for a non-Ci. contraction which 
has injective commutant mapping. This will be followed by investigating the injectivity of 
commutant mappings for quasisimilar contractions and orthogonal sum of contractions. 
Two operators A,Be B{'H) are quasisimilar if the quasiaffinities (i.e. operators with trivial 
kernel and dense range) X G Z{A, B) and Y G I{A,B) exist. We say that T G B{'H) is 
in stable relation with T' G B{'H'), if C G X(T, T') and ranC C 'Ho(T') imply C = 0, and 
if C G X{T',T) and ranC' C 'Ho{T) imply C' = 0. Our result concerning quasisimilar 
contractions and orthogonal sum of contractions reads as follows. 
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Theorem 5.4. Let T g B{'H) and T' g be contractions. 

(i) IfT and T' are quasisimilar, then 'Jt is injective if and only if'J t' is injective. 

(ii) The commutant mapping 7 := 7TeT' is injective if and only if jt and 7 t' are 
injective, and T is in stable relation with T'. 

(iii) Assuming T = T', the commutant mapping 7 = 7TeT is injective if and only if 
7t is injective. 


In particular if the contraction T G B{TL) is quasisimilar to a normal operator N G 
B{Q), then 'Jt is injective if and only if T is of class Cn. We would like to point out 
that (ii)-(iii) of the above theorem can be extended quite easily for orthogonal sum of 
countably many contractions. We also note that the injectivity of y-r and 7^' does not 
imply the injectivity of 7. This will be verihed by a concrete example. 

Finally, using certain properties of shift operators, we will provide an example for which 


(i)-(iv) of Theorem 5.1 are satished but still is not injective. This shows that these four 
conditions together are not enough to provide a characterization of injectivity of 7^. 


2. Proofs 


Suppose that 7 is injective and consider a C G {T}' such that ranC C TLo- Then 
OX = 0 = XC = 7(C')X implies 7(6') = 0 , whence C = 0 follows. Second, if 7 is not 
injective, then 7(6') = 0 for some non-zero C G {T}', and XC = 7(C')X = OX = 0 yields 
ranC C TLo. Therefore 7 is injective if and only if the only operator in {T}', whose range 
is included in the stable subspace TLo, is the zero operator. In particular, if T G Cq. then 
7 = 0 is highly non-injective, while T G Ci. evidently yields that 7 is injective. Therefore 
we are interested in the mixed case 0 7^ "Hq 7^ 


Throughout this chapter we will use Lemma ]_T many times. But here we will use the 
following more convenient notation: 

T= eB{no®ni). 

Now we prove the following lemma. 


Lemma 5.5. The commutant mapping 7 is injective if and only if the conditions 

^ooCoi ~ C'oi^ii = C'oo^oi and Cqq G {TqqY ( 5 . 1 ) 
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imply Coo = 0 and Cqi = 0. 


C = 




Proof. The range of any operator C G BiTi) is included in "Ho precisely when its 
matrix is of the form 

Coo Cqi 
0 0 

Furthermore, the equation CT = TC reduces to the equations CoqToo = ^ooC'oo and 
Coo^oi + Coi^ii = ^ooC'oi- Thus, by the observations of the hrst paragraph, the proof is 
complete. □ 


Now we are in a position to give the verihcation of Theorem 5.1 


Proof of Theorem 15.11 Taking any Cqi G X(Tii,Too), the condition (5.1) is ful- 


hlled with Coo = 0 . Hence (i) must hold, if 7 is injective. If (ii) fails, then the mapping 


T G B{B{'Hi,'Ho))i dehned by T: P e->• TqqY — PTn, is surjective (see [S]). Thus ( 5 . 1 ) 
can be satished with Coo = I and Cqi = T“^(Toi), and so 7 is not injective. If (hi) fails, 
then there exist A G D and unit vectors m, n G "H such that Tu = Xu and T*v = Xv. Then 
ran(M (g) n) = Cu C Tio, and 

{u ® v)T = M 0 T*v = u® (Xv) = (Xu) 0 n = T(m 0 n), 

hence 7 cannot be injective. Finally, if (iv) fails, then the projection P onto Mo parallel 
to All, commutes with T and is transformed to zero by 7. □ 


As we mentioned before by (iii) of Theorem 5.1 it is of interest to express the point 


spectra of T and T* in terms of the matrix entries. The next proposition is about that 
problem. 


Proposition 5 . 6 . For any A G D, we have: 

(i) A G (Jp(T) if and only if X e cTp(Too), 

(ii) A G (Tp{T*) if and only if X E ap{Tf^) or 

T*, (ker(T*o - XI) \ { 0 }) n (T*, - XI)ni ^ 0 . 

Proof, (i): Let h = ho® hi E Ho © ”^0 a non-zero vector. The equation Th = Xh 
holds exactly when Tooho-|-Toihi = A/iq and Tnhi = Xhi. Since crp(Tii) flD = 0 , it follows 
that hi = 0, and so the latter equations are equivalent to Too^o = Xho with a non-zero /iq. 
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(ii): the equation T*h = Xh is equivalent to Tqq/iq = Xho and + T^ihi = Xhi. If 

A G (Tp(Tj"^), then these equations hold with ho = 0 and with a non-zero hi. If A ^ (Tp(Tj"^), 
then the previous two equations hold precisely when TpQho = Aho is fulfilled with a non-zero 
ho and Tgiho = (Tii — AJ)(—hi). □ 


Now we turn to the sufficiency result of this chapter, but before we prove Theorem 


5.2, we need some auxiliary results. Given two operators A G B{J^) and B G B{Q), let 


us consider the transformation Ta,b ^ B{B{Q, B)) defined by Ta,b- ^ t AY — YB. The 
following lemma is crucial in our proof. 


Lemma 5.7. If 

7 =y |ter(Al* - AJ) : A G ap{A*) \ ap(S*)} 
or 

Q = \J |ker(i? — XI) : A G (JpiB) \ (Tp{A)^ , 
then the mapping Ta,b is injective. 

Proof. Let us assume that the second condition holds, and Ta,b(X) = 0 is true for 
some Y G B{Q,7). Then for every A G o'p{B) \ o'p{A), j G N and g G ker(i? — A/)-’ we 
have {A — XI)^Yg = Y{B — XI)^g = 0, whence Yg = 0 follows, since — AJ is injective. 
Our assumption yields now that P = 0. The other case can be treated similarly turning 
to the adjoints. □ 

Now we give a technical sufficient condition for the injectivity of the commutant map¬ 
ping. 


Proposition 5.8. Let us assume that the contraction T g B {' H ) satisfies the condi¬ 
tions: 

(i) Tfo = V |ker(TQQ — XI) : A G cTp(TgQ) \ (Tp(T^i)|, 

(ii) T*i (ker(T*o - XI) \ {0}) O {Tfi - XI)Ui = 0 for all X G ap{T*,). 

Then the commutant mapping 'y of T is injective. 


Proof. Assuming that 7 is not injective, by Lemma 5.5 we can find transformations 
Goo £ {^ 00 }^ and Goi G B{'Hi,'Ho) satisfying the equation 


^ooGoi — GoiTii — GooTqi 


( 5 . 2 ) 




2. PROOFS 


53 


such that Coo 7 ^ 0 or Coi 7 ^ 0. Our condition (i) implies by Lemma 5.7 that Cqo 7 ^ 0. 
Another application of (i) yields that we can give A G apiT^o) \ ap(T^i) and r G N so that 

(ker(Ti - MY) + {0} and CJ, (ker(Ti - Mf-^) = {0}. 


Assuming r = 1, there exists v G ker(TQQ — XI) such that CqqU 7 ^ 0. The equations 


(^00 - ^I)CooV = C^o(T*o - XI)v = 0 imply that G ker(T*o - XI). Applying (Q we 
obtain 


(Tn - A/)(-CJ.a) = CJ,(r*„ - M)v - (T;, - A/)CJ,a = T’.C^v, 


(5.3) 


which contradicts the condition (ii). 

Let us assume now that r > 1. For every v G ker(TQg 
TqiCqoU = 0. Since — XI is injective, we get Cqi ker(TQQ — 


— XI) we have (5.3) with 
XI) = {0}. Suppose that 


CJ, (ker(T„*„ - = {0} 


holds for an integer 1 < s < r. Taking any v G ker(TQQ — AJ)^, we obtain (5.3) with 
TqiCooU = 0, whence Cqi (ker(TQQ — A/)®) = {0} follows. By induction we arrive at the 
relation 

(ker(T„-„ - A/)—) = {0}. 


Setting any v G ker(TQQ — XI)^ such that CggU 7 ^ 0, we deduce (5.3), where 0 7 ^ CqqU G 
ker(TQQ — XI), contradicting to (ii). □ 


We proceed with proving Theorem 5.2 


Proof of Theorem 15.21 The necessity of the condition was stated in Theorem 5.1 


Let us assume now that <Jp{T) fl <Jp{T*) fl D = 0. By Proposition 5.6 we have (Tp(Too) H 
ap{Tl^) = 0, and that Tq^ (ker(Tg*Q — XI) \ {0}) fl {T^i — XI)'Hi = 0 holds for every A G 

are 


c’‘p(roo)- Since (Tp(TgQ) C cTp(Too), we conclude that the conditions of Proposition 
satished, and so 7 is injective. 


5.8 


□ 


We continue with the verihcation of Corollary 5.3 


Prooe oe Corollary 15.31 We have to verify the conditions of Theorem |5.2[ Since 
<^^(^ 00 ) n D = {z G D : 'd(z) = 0} and the minimal function of Tqq is D^z) = 'd(z), 
we obtain that apiT^o) = crp(Too) (see |48i Proposition III.4.7 and Theorem III.5.1]). 
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The completeness of the root subspace system of Tqq readily follows from |481 Theorem 


III.6.3]. 


□ 


In what follows we provide an example for a non-Ci. contraction which has injective 
commutant mapping. This answers a question mentioned before. In order to present the 
desired example, we need the following technical lemma. 

Lemma 5.9. Let /Cj {i = 1,2,3,4) be non-zero Hilbert spaces, and A G i3(/Ci,/C 2 ),-B ^ 


;B(/Ci,/C3), F G ;B(/C2,/C4), Z G Fixing A and B, the equation YA = ZB has 

only the trivial solution Y = 0, Z = 0 if and only if A and B have dense ranges and 


ran A* flrani?* = { 0 }. 

Proof. If A does not have dense range, then taking non-zero vectors v G ker A* and 
/c4 G /C4, the transformations Y = ^4 (g) u and Z = 0 provide a non-trivial solution of 
the equation YA = ZB. The case when B does not have dense range can be discussed 
similarly. \i A*k2 = B*k‘i = u ^ holds with some ki G /C* {i = 2,3), then setting a 
non-zero /C4 G /C4, the transformations Y = ^4 0 ^2 and Z = k^ Z) k^ provide a non-trivial 
solution. 

Assuming that A*,B* are injective and ran A* flrani?* = {0}, let us consider the 
adjoint equation A*Y* = B*Z*. If P 7^ 0, then Y*ki 7^ 0 for some ^4 G /C 4 , and so the 
non-zero vector u = A*y*/c 4 = B*Z*k 4 belongs to ran A* fl rani?*. Hence Y = 0, and a 
similar reasoning shows that Z = 0. □ 

Next we present our example. 

Example 5.10. Let Hq be a 1-dimensional Hilbert space and Tqq = AJ G BifHo) 
with some A G D \ {0}. Let us £x a unit vector e G Hq. Let Hi be an Mo-dimensional 
Hilbert space, and let Tn G B(Hi) be a (Ti.-contraction satisfying the conditions 1 ^ 
crp(Tj*^Tii), A ^ crp(Tj"^) and ran(Tj"^ — XI) 7 ^ Hi. We construct a contraction T on the 
Hilbert space H = Hq © Hi such that its matrix in this decomposition is of the form 



(5.4) 


It remains to identify Tqi. 
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Since the operator I — XTn = (/ — T^^Tn) + (Tj"^ — A/)Tii is invertible, we can find 
a unit vector u & Hi such that u — T^iTnu does not belong to the range of T^i — XI. 
We recall that the defect operator of a contraction T is Dt = y/I — T*T. Clearly Dt^o = 
Dt*^ = (1 —|Ap)^/^/. Now we define Toi = iAToo(e®-DriiM)-DTii- By |131 Lemma IV.2.1] the 
operator T is a contraction, whose stable subspace obviously coincides with the non-zero 
space Hq. Let us assume that TqqCqi — CqiTh = CooLoi holds for some transformations 
Coi e B{Hi,Ho) and Coo e {Tqo}' = B{Ho). It follows that C'oi(AJ - Tn) = CooToi- 
Applying Lemma |A9 with A = XI — Tu and B = Toi, we infer that Coi = 0 and Coo = 0. 


Thus the commutant mapping 7 of T is injective by Lemma 5.5 


We note that a contraction Tn with the requested properties can be obtained as a 


bilateral weighted shift operator with weight sequence satisfying the conditions 


Wi = X ioT i < 0, Wi g]0, 1[ for i > 0, and HSi > 0- 


Next we prove Theorem 5.4 


Proof of Theorem 15.41 (i): Let Y g T(T, T') and Z g T(T', T) be quasiaffinities. It 
can be easily seen that YHoiT) C Hq(T') and ZH'^iT') C Hq{T) hold. If 7 ^ is not injective, 
then there exists a non-zero C G {T}' such that CH C Ho{T). But C' = YCZ G {T'}' is 
also non-zero, and C'H' = YCZH' C YCH C YHo{T) C H'q{T') is satisfied. Thus 7 t' is 
not injective. 

(ii) : We know that 7 is injective exactly when C G {T}', CH C Ho{T) = Ho{T) © 
Hq{T') imply C = 0. Taking the matrix of C in the decomposition H = H ® H', the 
statements of the theorem can be easily verified. 

(iii) : It is clear that T is in stable relation with itself if and only if 7 ^ is injective. □ 


After that we give example for the case when 7 ^, 7 r' are injective but 7 is not injective. 


Example 5.11. Let us assume that H = H' = Ho © Hq, where dim Ho = 1 and 
dimHo = Let A, A' be complex numbers such that 0 < |A| < |A'| < 1. The operators 
Too,Tqq G B{Ho) are defined by Tqo = XI and Tqq = X'l. Choosing an orthonormal basis 
{en}'^=-oo ^0 > define the operators Tii,T{j^ G B(Hq) by the equations 

Xcn+i ifn<0 I XYn+i ifn<0 

) 1 11^)1 — \ 

(1 - n-‘^)en+i ifn>0 (1 - n~‘^)en+i if n > 0 


TllCn 
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It is easy to check that 1 is not an eigenvalue of Tj^^Tn and and that the operators 

— XI and T[\ — X'l are injective, but not surjective. As in Example 9, we can define 
the transformations ^01; ^01 ^ so that the operators 


T= 1 

'Too 

Toil 

1 and T' = I 

^T^o 

T^i] 

1 

^ 0 

Till 

1 1 

^ 0 

Ti'J 


The operator C = 


intertwines T with T' precisely when CooToo = ^00^00 


are contractions on their stable subspaces coincide with Hq, and the corresponding 
commutant mappings and are injective. 

Coo Coi 

0 0 

and CooTqi + CoiTu = TqqCoi. The first equation holds only with Cqo = 0, and then the 
second equation takes the form Coi(Tii — X'l) = 0. Applying the condition A' G D it is 
easy to verify that X' G ap{Tl^). Since the range of Tn — A'/ is not dense in Hg , we can 
find a non-zero transformation Cgi satisfying Coi(Tii — X'l) = 0. Thus the contraction T 
is not in stable relation with T', and so the commutant mapping y of the orthogonal sum 
T = T © T' is not injective. 

Our hnal aim in this chapter is to provide such a concrete contraction T G B{'H) 


which satisfies (i)-(iv) of Theorem 5.1 but still y-r is not injective. Before that we give 


a reformulation of condition (iv) of Theorem 5.1 We say that an operator A G B(J^) is 
strongly irreducible if the only decomposition where and J ^2 are invariant 

subspaces of A, is the trivial decomposition. 

Proposition 5.12. Let us assume that the stable component Tqo of the contraction 


T G BifH) is strongly irreducible. Then condition (iv) of Theorem 5.1 is equivalent to 

Toi ^ ranTroo^Tii- 

Proof. If (iv) fails, then the invariant subspaces Aloi Adi of T exist such that {0} 7 ^ 
Ado C Hq and Ado + Adi = Ti. Let A/q denote the stable subspace of the restriction 
T|Adi. Since Ado + A/q = and Tqq is strongly irreducible, it follows that Ado = TLo. 
Let P G B((H) be the projection onto Hq parallel to Adi, and let us consider its matrix 

F = in the decomposition TL = Pq © Pq. Since P commutes with T, we infer 

(0 oj 

that Tqi + FoiTii — TgoFoi, whence Tgi — TooFqi — FqiTh G ranTrbo©!! 


follows. 
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Conversely, assuming Tqi G ran7Too,Tii there exists a transformation Pqi ^ '^(^o 5 ^ 0 ) 

// PoA 

such that TqoPoi —-Poi^ii = ^01 is valid. Then the operator P = is a projection, 

commuting with T. Hence condition (iv) fails with the subspaces Aio = "Ho and A4i = 
ker P. □ 

We hnish this chapter with providing the desired example as follows. 

Theorem 5.13. There exists a contraction T G B{Ti) such that the conditions (i)-(iv) 


of Theorem 5.1 hold, hut the commutant mapping ofT is not injective. 


Proof. Let "Ho and "Hi be Ko-dimensional Hilbert spaces, and let us form the orthog¬ 
onal sum TL = TLq © Til. Let us £x an orthonormal basis {cj : j E N} in TLq, and let 
{fj,i : j G N, i G Z} be an orthonormal basis in "Hi. The operator Tqo G B{TLq) is defined 
by TqqCj = (j + 2)“^ej+i for j G N. It is easy to see that Tqo is a strongly irreducible 
Coo-contraction, furthermore T)T*^ei = ei and T)T*^ej = (1 — (j + for j > 1. The 

operator Tn G B{TLi) is defined by 


Tnfj, = 


(j+2)-7,-i if^ = 0,JGN 


/j-i+i if 7 G Z\ {0}, j G N 
It is clear that Tn is a Cn-contraction, where 

^ , /(l-(i + 2)-2)VV,,o if* = 0,jGN 

[ 0 ifiGZ\{0},jGN 

The partial isometry V G B{TLi,'Hq) is defined by 


Vf,, = 


Cj if i = 0,j G N 
0 if i G Z \ {0}, j G N 


Setting Toi = \V G B{'Hi,'Ho), let us consider the operator 


1 Too Toi 
0 Tn 


Applying |131 Lemma IV.2.1], it is easy to verify that T is a contraction, whose stable 
subspace obviously coincides with Hq. 
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Since Tqo is of class Cqo and Tn is of class Cn, we infer that X(Tgg, = {0}, whence 


X(rii,Too) = {0} follows. Hence condition (i) of Theorem 5.1 holds. Since cTp(Too) = 0, it 


follows by Proposition 5.6 that <Jp{T) n D = 0. Thus condition (iii) is also fulfilled. 

Following the method of we show that V is not in the range of the transformation 
Ttoo.Th- For any Z G BiT-LiyT-Lo) and j G N, we have 

\\TooZ - ZTn - H|| > \\{TooZ - ZTu - H)/,,o|| > ||TooX/„o - e,|| - ||Z||||Tn/,,o||. 


Furthermore, for any j G N we have 

\\T„Zf,„ - Eif = ||r„„Z/j.„||= - 2Re(Z/j.„,T„Vj) + 1 > 1 - 2||Z||||T„V,||. 

Since limj^oo ||Fii/j,o|| = 0 and limj_,.oo ||Xggej|| = 0, we obtain that \\TqqZ — ZTii — V\\ > 1, 
and so V ^ ran7Too,Tii- Since 7 too,Tii is not surjective, we infer by |9] that the condition 
(ii) must hold. Applying the previous proposition we also conclude that condition (iv) is 
valid. 


Therefore, all conditions of Theorem 5.1 hold. It remains to show that the commutant 


mapping 7 is not injective. By Lemma 5.5 it is enough to verify that —TooTqi G ran 7 too,Tii • 


Then an appropriate Cqi can be found for Cqo = —Tqq 7 ^ 0. 

Let 'Hi denote the linear span of the basis vectors fj^i in Hi. Let us consider the linear 
transformation Yq-. Hi ^ Hq dehned by 


0 


Yohi = 


n 


Cj+i 

j+i+l i^-l 
fc=j+3' 


if i < 0 
if z = 1 


k ^ \ Cj+i if z > 2 


To show that To is bounded, we note first that ei is orthogonal to YqHi, and Fo“^(Ce 2 ) = 
C/ 1 ^ 1 . For any j > 3, the inverse image Hg“^(Cej) is the linear span of the vectors 
fj-i^i, fj-2,2, ■ ■ ■, For any choice of complex numbers we have 


i=l 


i-1 


t -1 

i=l V i=l 


1/2 


16 


T-i 

. i=^ 


1/2 


j-i i-i i+i 

||Fo/j-j,i||^ = 1 + ^ A; ^ < 1 + (j — 2 )(j + 1 ) ^ < 2 . 

j=l i =2 k=j—i +3 


where 
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Since these inverse images linearly generate "Hi, we obtain that Yq is indeed bounded. Thus 
lo can be uniquely extended to a transformation Y G Simple computations 

show that TqqY fj^i — YTufj^i = —TqqV f\i holds for every j E N and i E Z. We conclude 
that Tooh^ — YTn = —TqqV. Hence —TooTqi = —\TqqV G ran7Too,rii, what we wanted to 
prove. □ 

The complete characterization of injectivity of the commutant mapping remains open. 



CHAPTER 6 


Cyclic properties of weighted shifts on directed trees 
1. Statements of the results 

The classes of the so-called weighted bilateral, unilateral or backward shift operators 
r[37l[44]i are very useful for an operator theorist. Besides normal operators these are the 
next natural classes on which conjectures could be tested. Recently Z. J. Jablonski, I. B. 
Jung and J. Stochel dehned a natural generalization of these classes in |22j . They were 
interested among others in hyponormality, co-hyponormality, subnormality etc., and they 
provided many examples for several unanswered questions. 

In this chapter we will study cyclic properties of bounded (mainly contractive) weighted 
shift operators on directed trees. Namely hrst we will explore their asymptotic behaviour, 
and as an application we will obtain some results concerning cyclicity. These are the results 
of |18j . 

We recall some dehnitions from |22j . The pair T = {V,E) is a directed graph if V 
is an arbitrary (usually inhnite) set and EG (1/ x R) \ {(u,u): v G V}. We call an 
element of V and E a vertex and a (directed) edge of T, respectively. We say that T is 
connected if for any two distinct vertices u,v E V there exists an undirected path between 
them, i.e. there are hnitely many vertices: u = Vo,Vi,... Vn = v G Vjn G N such that 
{vj_i,Vj) or (vjyVj^i) G E for every I < j < n. The hnite sequence of distinct vertices 
... Un G R, G N is called a (directed) circuit if {vj-i,Vj) G E for all 1 < j < n 
and {vn, Vo) G E. The directed graph T = (V, E) is a directed tree if the following three 
conditions are satished: 

(i) T is connected, 

(ii) for each v E V there exists at most one u E V such that (u, v) E E, and 

(iii) T has no circuit. 

From now on T always denotes a directed tree. In the directed tree a vertex v is called 
a child of M G R if (u, v) E E. The set of all children of u is denoted by Chi 7 -(M) = Chi(M). 
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Conversely, if for a given vertex v we can find a (unique) vertex u such that (m, v) G E, 
then we shall say that u is the parent of v. We denote u by par^(n) = par(n). We will 
also use the notation par^(n) = par(... (par(n))...) if it makes sense, and par° will be the 

/c-times 

identity map. 

If a vertex has no parent, then we call it a root of T. A directed tree is either rootless 
or has a unique root (see [221 Proposition 2.1.1.]). We will denote this unique root by 
rootr = root, if it exists. A subgraph of a directed tree which is itself a directed tree is called 
a subtree. We will use the notation l/° = C \ {root}. If a vertex has no children, then we 
call it a leaf, and T is leafless if it has no leaves. The set of all leaves of T will be denoted by 
Lea(T). Given a subset W C 1/ of vertices, we put Chi(W) = U^gvLChi(n), Chi°(W) = W, 
ChP+^(W) = Chi(ChP(W)) for all n G N and Desr(hP) = Des(W) = U“=o Chi''(hP), 
where Des(W) is called the descendants of the subset W, and if IT = {n}, then we simply 
write Des(M). 

If n G No, then the set Gen„^ 7 -(M) = Gen„(M) = lJj=o called the nth 

generation of u (i.e. we can go up at most n levels and then down the same amount of 
levels) and Gen 7 -(n) = Gen(n) = (whole) generation or the level of 

u. From the equation (see [221 Proposition 2.1.6]) 

OO 

P = Des(par”(n)) (6.1) 

n=0 

one can easily see that the different levels can be indexed by the integer numbers (or with 
a subset of the integers) in such a way that if a vertex v is in the fcth level, then the 
children of v are in the {k + l)th level and par(n) is in the {k — l)th level whenever par(n) 
makes sense. 

The complex Hilbert space is the usual space of all square summable complex 

functions on V with the standard innerproduct 

(/, 9) = f{u)g{u), f,g e f{V). 

u&V 

For u E V we dehne e„(n) = 6u,v G where 6u,v is the Kronecker-delta function. 

Obviously the set {e„: m G P} is an orthonormal basis. We will refer to £^(W) as the 
subspace V{e^: w G IP} for any subset IP C P. 
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Let A = {A^: T G 1^°} C C be a set of weights satisfying 


^ IXvl"^ ■ u e V \ < 

vGChi{u) 


OO. 


Then the weighted shift operator on the directed tree T is the operator dehned by 

Sx: fiV) ^ fiV), 

'uGChi(u) 

By (221 Proposition 3.1.8.] this dehnes a bounded linear operator with precise norm ||S'a|| = 

supj^E.eChiW ^ ^}- 

We will consider only bounded weighted shift operators on directed trees, especially 
contractions (i.e. ||S'a|| < 1) in certain parts of the chapter. We recall that every S\ is 
unitarily equivalent to S\\\ where |A| := {|A„|: v G V°} C [ 0 ,cxd[. Moreover, the unitary 
operator [/ with ^iai = US\U* can be chosen such that is an eigenvector of U for every 
M G Id. It is also proposed that if a weight A^ is zero, then the weighted shift operator on 
this directed tree is a direct sum of two other weighted shift operators on directed trees 
(see (221 Theorem 3.2.1 and Proposition 3.1.6]. In view of these facts, this chapter will 
exclusively consider weighted shift operators on directed trees with positive weights. 

The boundedness and the condition about weights together imply that every vertex 


has countably many children. Thus, by (6.1), i‘^(y) is separable. 

An operator T G B{T-L) is cyclic if there is a vector such that 

nT,h = nh := V{T"h: n G No} = {p{T)h-. p G Pc}“ = 

where Vc denotes the set of all complex polynomials. Such an h G V. vector is called a 
cyclic vector for T. The hrst theorem concerns a countable orthogonal sum of weighted 
backward shift operators. 

Theorem 6.1. Suppose that j & J^,k e Nq) is an orthonormal basis in the 
Hilbert space H where J ^ ^ is a countable set and {wj^k- j E J,k E Nq} <Z C is a 
bounded set of weights. Consider the following operator: 


Bcjk 


0 if k = 0 

Wj^k-iej,k-i otherwise 

(i) If there is no zero weight, then B is cyclic. 
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Figure 1. When there is at least one leaf. 

(ii) Assume there is no zero weight and there exists a vector g G ran(i?"') such 
that for every fixed j G ff, {g,ej^k) 0 is fulfilled for infinitely many k E Nq. 
Then we can find a cyclic vector from the linear manifold . 

(hi) The operator B is cyclic if and only if B has at most one zero weights. 


The proof of Theorem 6.1 was motivated by the solntion of |20i Problem 160]. We 


wonld like to note that the case in (iii) of Theorem 6.1 when = 1 was done by Z. 
G. Hua in 1211 . However this article was written in Chinese, therefore the anthor of the 
dissertation was not able to read the proof. The above theorem can be considered as a 
generalization of Hna’s resnlt. 

Now we give onr resnlts concerning cyclicity of weighted shift operators on directed 
trees. The following qnantity: 


Br(r) = (#Chi(«) - 1 ) 

u£V\hea.(T) 

is called the branching index of T. By (ii) of m Proposition 3.5.1] we have 


dim(ran(S'A)-‘“) 


1 + Br(T) if T has a root, 
Br(T) if T has no root. 


( 6 . 2 ) 


It is easy to see that for every cyclic operator T G B{Ti) we have dim(ran(T)-*-) < 1. 
Therefore the only interesting case concerning the cyclicity of S\ is when T has no root 
and Br(T) = 1 (if the branching index is zero, we obtain a nsnal shift operator). 

If ffiLea.{T) = 2, then T will be represented by the graph (V, E) with vertices V = 
{j E Z: j < jo} U {k': 1 < k < ko] where we assnme 1 < fco < Jo < OO; and edges 




1. STATEMENTS OE THE RESULTS 


64 



Figure 2 . T 

E = {{j - l,j): 3 < jo} U {(0,1')} U {((j - l)',j'): 1 < j < h}. The corresponding 
weights will be A = (A^: v G V}. If ^Lea.{T) = 1, then it will be represented by a very 
similar graph (see Figure [^. 

If there is no leaf, then usually the associated representative graph will be denoted by 
another symbol: T (Figure 2). We remind the reader that every weight is positive. 

Theorem 6 .2. Suppose that the directed tree T = {V,E) has no root and Br(T) = 1. 

(i) If 7 (^Lea(T) = 2, then every bounded weighted shift on T is cyclic. 

(ii) Suppose T = (Id, E) has a unique leaf. A weighted shift S\ on T is cyclic if and 
only if the bilateral shift operator W on the subtree T' := (Z, fl (Z x Z)) with 
weights {A„}^_^ = {A„: G IdfiZ} is cyclic. In particular, if S\ ^ C'.o(^^(Id)) is 
contractive, then Sx is cyclic. 

(hi) Assume that Sx is contractive and of class Ci.. Then it has no cyclic vectors. 

(iv) There exists a cyclic weighted shift operator Sx on T. 

As far as we know complete characterization of cyclicity of bilateral weighted shift op¬ 
erators is open. Our last result concerns cyclicity of the adjoint of weighted shift operators 
on directed trees. 

Theorem 6.3. 

(i) IfT has a root and the contractive weighted shift operator Sx on T is of class Ci., 
then SI is cyclic. 

(ii) IfT is rootless, Br(T) < oo and the weighted shift contraction Sx on T is of class 
Cl., then S^ is cyclic. 

In order to prove the above theorem we will verify that S © {S^)* {k G N) is cyclic 
where S denotes a simple bilateral shift operator and S'^ denotes the orthogonal sum of 
k pieces of simple unilateral shift operators. 
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2. Proofs 

First we would like to show how the asymptotic behaviour of a Hilbert space contraction 
can be applied in order to obtain cyclicity results. If T is cyclic and has dense range, then 
h is cyclic if and only if Th is cyclic. This and a consequence are stated in the next lemma 
for Hilbert spaces, but we note that in Banach spaces the proof would be the same. This 
proves, in that case, that the set of cyclic vectors span the whole space. In fact, this is 
always true (see jl9j for an elementary proof). 

Lemma 6.4. 

(i) If a dense range operator T has a cyclic vector f, then T f is also a cyclic vector. 

(ii) IfT is a cyclic operator which has dense range and N G B(C^) is a cyclic nilpotent 
operator (n eN), i.e. a 0-Jordan block, then T ® N is also cyclic. 

Proof, (i) The set {p{T)f\ p G Pc} is dense. Since ran(T) is also dense, a dense 
subset has dense image under T, so {Tp{T)f = p{T)T f: p G Vc} is also dense. 

(ii) Let us take a cyclic vector / G P for T and a cyclic vector e G C"' for N. We 
will show that / © e is cyclic for the orthogonal sum T © A^. Of course \/{T^f © N^e = 
T^f © 0: k > n} = H. Thus 0 © We G V{T^/ © N^e\ k G Mo} for every 0 < j < n, and 
hence / © e is a cyclic vector. □ 

The vector h eU is hypercyclic for T if 

{T^h: hENo}- =H. 

Then the operator T is said to be hypercyclic. 

The previous and the next lemma will be used many times throughout this chapter. 

Lemma 6.5. 

(i) if T,Q,Y G BifH), Y has dense range, YT = QY holds and f is cyclic (or 
hypercyclic, resp.) for T, then Y f is cyclic (or hypercyclic, resp.) for Q, 

(ii) if T E Ci.ifH) is a contraction and the isometric asymptote Vr has no cyclic 
vectors, then neither has T, 

(hi) if T E C'i.('H) is a contraction and Vf has a cyclic vector g, then A]i‘^g is cyclic 
for T*, 
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(iv) ifT^ C'.i('H) is a contraction and has a cyclic vector g, then is cyclic 

forT. 

Proof, (i): Of course Yp{T) = p{Q)Y holds for all p G Vc- Let us assume that / is 
cyclic for T, i.e. {p{T)f: p e Vc} is dense in 'H. Then {Yp{T)f = p{Q)Yf: p G Vc] is 
also dense since Y has dense range, which means that Yf is cyclic for Q. The hypercyclic 
case is very similar. 

The other three points are special cases of (i). □ 

There is a consequence of the previous lemma. 

Corollary 6 . 6 . Suppose that the operator T is hypercyclic. Then T/||T|| ^ Ci .{ Ti ). 

Proof. Obviously T 7^ 0. Assume that T/||T|| G Ci .{ l - L ) and let us £x a hypercyclic 
vector / G H for T. Since should be dense 

in H. But II ||T||^l/^A^/^/|| = ||T||^|| is bounded or bounded from below, which is a 
contradiction. □ 

It is easy to see that for the adjoint of a contractive weighted bilateral shift operator: 
Sl,ek = WkCk-i, (0 <)|tafc| < 1 , the asymptotic limit is dehned by 

A* Ck ^ I Wj I ^Ck- 
j<k 

This means that is stable or G C.i(C(P)). If 5^ G C.i(C(Z)), then the isometric 
asymptote P 5 * G of S'jj, is the simple bilateral backward shift operator: lA'* = 

Cfc-i. Since Vg , is cyclic, this means that all contractive C.i bilateral shift operators are 
cyclic. 

We point out that non-cyclic bilateral shift operators exist. The first example was given 
by B. Beauzamy in |2]. In |44l Proposition 42] sufficient conditions can be found for cyclic¬ 
ity and non-cyclicity. But there is no characterization for cyclic bilateral shift operators 
which is quite surprising since for other cyclic type properties such characterizations exist 
(see e.g. |42j and [43j ). Therefore it is a challenging problem to give this characterization 
for cyclicity. 

We proceed with the proof of Theorem 


6.1 
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Proof of Theorem 16.1[ Throughout the proof we may always assume without loss 
of generality that ||i?|| < 1 holds. This happens if and only if the weights are from D“. 

(i): Take a vector of the following form: 

OO 

/ ~ ^jiM ■ ^jiM G 
1=1 

such that > 0 for every / G N, 0 < ki^i — ki oo and for any j & J inhnitely many 
I G N exist which satisfy ji = j. 

Our aim is to modify / by decreasing its coordinates in a way that they remain positive 
and after the procedure we obtain a modihcation of /: / 7 ^ 0 which is a cyclic vector of 
B. We have 


^ A B 'lx) A B 1 • • • XX) A T _T 




^ A XXJ A _1 « « « XXJ A 


(6.3) 




for every m G N, km-i < k < km, where we set fco = — 1- Let us consider the quantity 

1 


Y^m '■= max < 


l>m 


= max 


A JU XXJ A lb _1 « « « XXJ A lb _lb 


B^f-e 


jm^km — k 


• 1 ^ ^ri 


l>m 


^juh'^juh-^ • • • '^juh-k 


^ A h, XXJ A Ic _1 « « « XXJ A Ic _ lb 


(6.4) 


• km—1 ^ k kj, 


which is clearly hnite. Let us suppose for a moment that < (1/2)™ is satished for all 
m G M. In this case ej^k £ Bej would hold for every j E J',k E No and thus / would be 


a cyclic vector for B. Therefore our aim during the modihcation process is that (6.4) will 
hold for the modihed vector. 

If El > 1/2, then let us change every to ;^= for every / > 1, otherwise we do 
not do anything. Then with these modihed coordinates Ei < 1 / 2 . If E 2 > 1/4, then we 
change every to for every I > 2, otherwise we do not modify anything. Then 
El becomes less or equal to than before and E 2 < 1/4 ... Suppose that we have already 
achieved Ej < 1/2-^ for every 1 < j < m — 1. In case when E^ > 1/2™, we modify to 
for every I > m. Otherwise we do not change anything. Then E,- becomes less or 
equal to than before for every 1 < j < m — 1 and E^ < 1/2™ ... and so on. We notice that 
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every coordinate was modified only finitely many times. Therefore this procedure gives us 


a new vector / with positive coordinates satisfying (6.4). Therefore / is cyclic for B. 


(ii): For a vector x := G "H, x G ran(i?”) holds if and only if 

HZi \^ji,ki?/\^jiM ■ --UJjiM+n-i? < oo. Thus if X G ran(5”) and y := ^ 

with \yji,ki\ < \^ji,ki\ ^ then y G ran(i?”) is also fulhlled. Assume that in the be¬ 
ginning we could choose a vector g G ran(i?") such that for every fixed j G J, 
{g,ej,k) 7 ^ 0 is fulhlled for inhnitely many k G No- Then g := J2jej^T=o \ {9,ej,k)\ej,k is 
also in ran(i?"'), and by changing some coordinates to zero we can hnd a vector / 
which has the form as in the beginning of the proof of point (i). Therefore, applying the 
process above we can hnd a cyclic vector for B which is in ran(i?”). 


(iii); For the sufficiency we may consider the operator B (B N where B G B{'H) is a 
backward shift operator with strictly positive weights and is a cyclic nilpotent operator 
acting on C” (for some n G N) (i.e. a Jordan block with zero diagonals), because this is 
unitarily equivalent to the operator mentioned in the statement of the theorem. Since B 
has a dense range and it is cyclic, (ii) of Lemma 6.4| gives us what we wanted. 

The necessity is clear since the co-dimension of ran(i?)“ is at most one whenever B is 
cyclic. □ 


We proceed with the verihcation of several results concerning the asymptotic behaviour 
of a weighted shift operator on a directed tree. They will be crucial in the proof of Theorem 


done in |4l Lemma 2.3.1]. Namely, for a weighted shift operator Sx on the directed tree T 
and for any n E N,u E V the following holds: 


6.2 and 6.3[ The first step is to calculate the powers of Sx and their adjoints which was 


n—1 


Sn 


^7/ - 


X^U 


E n '^parJ(D) ■ ('Vi 

■!;eChi"(ii) j=0 


q*n 

(v, 



ifpa.T"'{u) makes sense, 
otherwise 


In this chapter the asymptotic limit of Sx and 5^ will be denoted by A and A*, 
respectively, and U, will stand for the isometric asymptote of them. 

We calculate the asymptotic limit A of Sx as follows. 
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Proposition 6.7. Let Sx be a weighted shift operator on T which is a contraction. 
Then every e„ is an eigenvector for A 


ACy^ eXyCy V G P, 

with the corresponding eigenvalues: = lim„^oo Z^^,echi"(M) Ilj^o -^pari(^)- 


Proof. For any n eN and u E V, since the asymptotic limit exists 

n—1 n—1 

srsie„= nVr^wSre.= Y1 

i)echi"(«) j=o t>eChi”(M) j=o 

which implies Acy = ayCy. □ 


The stable subspace of S\ will be denoted by "Hq- We proceed with obtaining some 
properties of TLq = £^(P) © TLq. Since A is a diagonal operator, there exists a set V <ZV 
with the following properties: TLq = \ V) and TLq = £^(P'). 


Proposition 6 .8. The following implications are valid for every contractive weighted 
shift operator Sx on T and for every vertex u E V: 

(i) if Cy E TLq, then £^(Des(M)) C "Hq (i-^- u Des(M) C P \ V'), 

(ii) Cy E TLq if and only if i‘^{Ch.i{u)) C "Hq (i-^- u ^ V Chi(M) C P \ V'); this 

is fulfilled in the special case when u is a leaf, 

(hi) if Cy E TLq , then eparfe(tj) G TLq for every k E (i.e. u E V pax^{u) G 
v',\tkE No;, 

(iv) the subgraph T' = {V,E' = E E\ (P' x P')) is a leafless subtree, 

(v) if T has no root, neither has T' , and 

(vi) ifT has a root, then either Sx E Co.(^^(P)) or rootr = rootr'- 


Proof. The facts that TLq is invariant for Sx and that the weights are strictly positive 
imply (i). 

The sufficiency in (ii) is a part of (i). On the other hand, suppose that fi^{Gh.\{u)) C "Ho- 
Then 

n—1 

n—2 

'ueChi(u) ■!i)eChi"'“^(^!) i=0 ■!;eChi(ti) 
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since E.eChi(n)^"E^eChi"-i(.)ni=o ^par.(«;) < E„eChiH^" < 1 all n G N and 
Eu.eChi"-i(t;) YYj=l -^parJ(t«) \ ^his provcs the necessity in (ii). Point (iii) follows from 
(ii) immediately. 

We have to check three conditions for T’ to be a subtree. Two of them is obvious since 
they were also true in T. In order to see the connectedness of T', two distinct u\v' G V 
are taken. Since V = UEoDes 7 -(par:^(M')), par^(M') = par^(t;') holds with some k,l G Nq. 
Then (iii) gives par^(M') = par:)-(n') G V for every i < k and j < I, which provides an 
undirected path in T' connecting u' and v'. 

Finally via (ii) it is trivial that T' is leafless, and the last two points immediately follow 
from (iii). □ 

In view of (v)-(vi), we have par.;^(M') = for any u' G V\ so we will simply 

write par(M') in this case as well. 

Let us take an arbitrary leafless subtree T' = (V', E') of T with the properties that if 
T is rootless, then T’ is also rootless, and if T has a root, then T' has the same root. It is 
trivial that ^‘^{y\V') is invariant for S\. In the special case when it is the stable subspace, 
it is also hyperinvariant. But is it hyperinvariant for all weighted shift operators that are 
dehned on T? The answer is negative as we will see from the next example. 

Example 6.9. Let us consider T and set all of the weights to be equal to 1, then S\ 
is a bounded weighted shift operator on T. The unitary operator dehned by the following 
equations: IIcq = Cq and Uck = e^', Uck' = e^,, Ue_k = ^-k for every k E N, obviously 
commutes with Sx. But it is easy to see that £^(hl) is not invariant for U, hence it is not 
hyperinvariant for Sx- 

Now we identify the asymptotic limit A* of the adjoint Sy The stable subspace of 
will be denoted by "Hq. Since the weights are in the interval ]0,1] any inhnite product is 
unconditionally convergent. 

Proposition 6.10. If Sx is a contractive weighted shift operator on the directed tree 
T , then the following two points are satisfied: 

(i) IfT has a root, then Sx G 
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(ii) IfT is rootless, then "Hq-*- = V{/i„: u gV} where 

OQ 

hu = Apari(i;) ' e„ G 

i)eGen(«) i=0 

The equality hu = hu holds if v E Gen(M) and every hu is an eigenvector: 

A^hu = ttuhu 'iu eV 
with the corresponding eigenvalue 

OO 

du = \\hu\\ = -^parl(i;)• 

tieGen(ti) j=0 

So, every level has one such hu- Moreover, if hu is not zero for a vertex u, then 
it is not zero for every u E V . 


Proof. The first statement is clear, so we only deal with (ii). We have 


n—1 


rT'^Par-’ h) — ~ 11‘S'^Cpar" (m) 11 < 1, 

?;eGen„(n) i=0 i)eGen„(M) j=0 

for all n E N. Indeed, 0 < X^„gGen(«) n^o'^parJ(v) — ^ which means that hu is actually a 
vector of For n G N we have 

n—1 n—1 n—1 

'^par-?(w) " *5*^ Cpar”-(li) '^par-?('u) ^ ^ '^par-?('p) ‘ 

j=0 j=0 i;GGenn(w) 3=^ 

Since lim„^oo SfSffeu = 


, . ,1 11^=0 '^parJ(«) nj=0 -^parJ^-i;) if U G Gen(M) 

(yl*e„, Cu) = ' 


0 


otherwise 


which yields 


OO OO OO 

AjfCu '^parl(ti) ^ ^ '^parl(i)) ' '^parl(«) ' ^u 

j=0 v&Gen{u) j=0 j=0 


Now we get 


A^hu — y ^ Apari(i;) ' A^Cu — f ^ ^ -^parJ(t;) ]^u 


vGGen{u) j=0 


t>eGen(ti) j=0 


since Gen(M) = Gen(u) and thus hu = hu- 
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To conclude the relation 'Hg-*' C V{h„: u G Id}, fix a vector h G £^(Gen(M)), h _L hu- 
Using the notation rj^ = (h, e^) (n G Gen(M)), the equation 


A. 


,h — ^ ^ 

i;EGen(hi) 


( E 

tiSGen(ti) 


j=0 


hu = 0 


follows by the orthogonality of h and hu- Therefore the equation = \/{hu- n G U} is 
trivial since = 0 if and only if a„ = 0. 

Finally let us suppose that hu = 0 holds for a vertex u G U. Then £^(Gen(M)) C 'Hq, 
and since Hg is invariant for S^, £^(Gen(par^(M))) C for every fc G N. If we set a 
w G Ghi(M), then 


d^i, 


E 

wGGen{w) j=0 


2 

par-? (it;) 


oo 


Y 1 Y 1 

i’GGen(ii) it?GChi(i;) j=0 


oo oo 

= n^Sar.(.) Y 1 ^- = 0- 

i;GGen(ii) :?=0 it;GChi(u) i;GGen(ii) :?=0 it;GChi(u) 

So t'^(Ghi(Gen(M))) C Hq. By induction, we get = i‘^{V). 


□ 


The next step is to compute the isometric asymptote. We call the vertex u a branching 
vertex if |Ghi(M)| > 1 and the set of all branching vertices is denoted by V^. In Proposition 


We will write S G and S'+ G for the simple bilateral and unilateral 

shift operators, i.e.: Sen = Cn+i, n G Z and S~^ek = Ck+i, k G Nq. From the von Neumann- 
Wold decomposition it is clear that the c.n.u. isometries are exactly the orthogonal sums 
of some simple unilateral shift operators. 


6.8 we used the notation T' = {V',E') for the subtree such that £^(V') = 


Proposition 6.11. For such a weighted shift operator Sx on T that is a contraction 
and Sx ^ Go.(£^(U)), the isometric asymptote U G i3(£^(U')) is a weighted shift operator 
on the subtree T' = (W, E'): U = Sy, with precise weights /?„/ = ^ ^ This 

— '^^par(n^) 

isometry is unitarily eguivalent to one of the followings: 

(i) has a root, 

(ii) (BS~^, ifT has no root and U is a c.n.u. isometry, i.e.: 

'Zv'eGenrPW) 11^“ 0 ^ (and then for every) u' G V', 

(hi) S © ©S'"*", ifT has no root and U is not a c.n.u. isometry. 
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Proof. Because of the condition Sx ^ Co.(t'^(P)), V' ^ 0. For any u' G V we have 
Ueu' = ■ UA^I‘^e^, = ■ A^/^SxCu' 

\/ OL'it! \/ Oin' 


/a,,/ 


5^ A„.V-'=e„= 


X'l)\/CXq' 


Cnj' . 


DSChi7-(tt') 


v'GChi-^i (u') 


'a„i 


This establishes that U is a. weighted shift operator on T' with weights (3yi = 


K'V^ 

.^“par(i;') 


(n' e (P')°)- 

First, suppose that T has a root. Then T' has the same root as T. But contractive 
weighted shift operators on a directed tree which has a root are of class C.q, so in this case 
f/ is a unilateral shift operator. Since the co-rank of U is Br(T') -|- 1, we infer that U and 
©S'"*" are unitarily equivalent. 

Second, assume that T has no root and U is a c.n.u. isometry. The isometry U is c.n.u. 
if and only if t/ e C.o{i^{V')) which happens if and only if E^'eGen^,^) = 0 

for some (and then for every) u' G P', by Proposition 6.10 Again, the co-rank of U is 
Br(T'), and therefore U is unitarily equivalent to ©S'"*". 

Finally, let us suppose that T has no root and X^p/gGen. 7 -,(ii') nj°lo/^pariK) > every 
m' G P'. Then the unitary part of U acts on 


= Y I (0 ^ fl P G P'l. 

v'GGen-j-i {u') j=0 

Set e V\ then 


Uku' ^ ^ /^par-? (i;^) * UCyf ^ ^ ^ ^ /^par.? (v') * 

v'£Gen^i{u') j=0 v'£Gen^/(u') w'£Chi^i {v') j=0 




^ ^ J_ J_ /3parJ (ui') ■ ('W' ky;/ 

w'GGen^i (w') j=0 

for some w' G Chi 7 -/(M'). Therefore we get that P|'Hg(P) is a simple bilateral shift operator. 
Since the co-rank of U is Br(T'), the operator U is unitarily equivalent to ^ ©S'"*". 

□ 


Remark 6.12. (i) If the directed tree T has a root, then any isometric weighted shift 
operator on T is of class C.q, i.e.: an orthogonal sum of Br(T) pieces of unilateral shift 
operators. 
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(ii) In general if we have an isometric weighted shift operator 1/ on a directed tree, then 
the set-up of the tree does not tell us whether is a c.n.u. isometry or not. To see this take 
a rootless binary tree, i.e.: 4^Chi{u) = 2 V m G Id. If we set the weights (3^ = ^ {v E Id°), 
then is clearly an isometry with E^eGenr(«) U.T=o = E„eGenr(«) llT=o I = 0 for 

every u E V. Therefore f/ is a unilateral shift operator. 

On the other hand, if we £x a two-sided sequence of vertices: ^ ^ such that 

par(M;) = M/_i for every I E Z, and consider the weights 


1 

V2 


I3v= { 


exp 


-1 


(Kl+i)2 




ifvEV\ {u^_^Chi{ui)) , 
if V = ui for some I E Z, 
if V E Chi(M;_i) \ {ui} for some I E Z, 


we clearly get an isometric weighted shift operator on that directed tree which has non¬ 
trivial unitary part. In fact. 


X] n^parh 

v&Gen'i-{ui) j=0 


.)£ 


n/3 

j=0 


2 


= exp 


- 

^ (\1 - i 


-1 


( 1 / 

i=o 




>0 (/ G Z). 


(hi) Suppose that the rootless directed tree T has a vertex u E V which has the 
following property: 

O = (Des(M)) IJ [ 0 {par^(«)}"). 

fc=i ' 

If we take an isometric weighted shift operator on T with weights {/9„: v E Id°}, then Sp 
is not a c.n.u. isometry. Indeed, /9par''(u) = 1 foi’ every k E No, and thus 


OO 

n/^pari+fc(i;) = 1 > 0. 

i;GGen(par^('u)) i=0 


The above points show that two unitarily equivalent weighted shift operators on di¬ 
rected trees can be defined on a very different directed tree. Now we turn to the calculation 
of the isometric asymptote E 13(("Hg)-*-) of the adjoint S\. 


Proposition 6.13. Suppose that the contraetive weighted shift operator Sx on T does 
not belong to the class C.q. Then T has no root and we have 


hh hu 



•\/®par(ti) 


hpar(n) 


{u E V) 
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where hu ^ Q for every u E V. As a matter of fact, is a simple unilateral shift operator 
if there is a last level (i.e. Chi(Gen(M)) = 0 for some u E V), and it is a bilateral shift 
operator elsewhere. 


Proof. If Sx ^ then hu^ 0 and 7 ^ 0 for every u eV. For a n G P: 


= —U.AV^K, = —AV^SXh 


doi Qj'yi 


E n •^parJ (v) Al/^Sle, 


€")) — 


^ i;SGen(u) j=0 “ DgGen(u) j=0 


^ ^ ^par( 


v) 


1 

Ou 


E TT , . (epar(i;), hpar(,))) . 1/27 

J_ J_ AparJ(i;)A,; A^ h 

„eGenHj=0 IKGarMlI 


n '^par.J'(i;) ] ^par(u) 


par(f;) 


^par(tt) • 


®“V®Par(“) V^gGen(n)j=0 ^ 

One can easily see the unitary equivalence with the simple uni- or bilateral shift operator. 

□ 


As a consequence we obtain a characterization for contractive weighted shifts on di¬ 
rected trees that are similar to isometries or co-isometries. The related result reads as 
follows. 


Corollary 6.14. Consider the contraction Sx which is a weighted shift operator on 
a directed tree. Then the following statements hold: 

(i) Sx is similar to an isometry if and only if inf {uu- u E V} >0. 

(ii) Sx is similar to a co-isometry if and only if it is a bilateral weighted shift operator 

with Xj >0, or it is a weighted backward shift operator with Yfj=-oc ^ > 0- 

Then it is similar to the simple bilateral or the simple backward shift operator, 
respectively. 


Proof, (i); This is a simple consequence of |311 Proposition 3.8], Proposition 6.7 and 

Em 

(ii): The similarity to a co-isometry implies the similarity of 5^ to an isometry. Then 


by Proposition 6.10 we have that T has no root and 7 )^Chi(M) < 1 for every u E V. 

First, suppose that T has no leaves. Then clearly Sx is a weighted bilateral shift 
operator. By |311 Proposition 3.8] we have H^-oo ^ therefore Sx is similar to S. 
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Second, assume that T has a leaf. Then it has a unique leaf and trivially is a 
weighted unilateral shift operator. Again by |311 Proposition 3.8] we have H^o ^ ^ 

and that is similar to S~^. □ 


We notice that a contractive weighted shift operator on a directed tree is similar to a 
unitary operator if and only if it is a bilateral shift operator of class Cn and its asymptotic 
limit is invertible. This is a simple consequence of the previous corollary. 

In what follows we prove some preliminary results in order to verify (i)-(iii) of Theorem 


6.2 First we provide the following similarity lemma. 


Lemma 6.15. Consider a rootless directed tree T with the properties Br(T) = 1 and 
Lea(T) ^ 0. Let Sx be a bounded weighted shift operator on T (see Figure^. Then Sx is 
similar to an orthogonal sum W Q) N where 

(i) W is a weighted backward shift operator and N is a cyclic nilpotent operator acting 
on a finite dimensional space whenever ffhe&iT) = 2, 

(ii) W is a weighted bilateral shift operator and N is a cyclic nilpotent operator acting 
on a finite dimensional space if #Lea(T) = 1 holds. 


Proof. Let us dehne the following two subspaces: £ := C(Z (1 V) and £' ■.= £^ = 
2', 3'... } n Id). Clearly, the second subspace is hnite dimensional. Set the vectors 
9k '■= (11^=1 ~t)^k — (11^=1 every 2 < k < k^. Now we dehne two operators on 

these subspaces as follows: 


IF: £ —y T, Cn I —y 


Xn+i^n+i if n is not a leaf 
0 if n is a leaf 


which is a weighted bilateral shift operator, and 

ILdI 


N : £ —y £ , Cfc' I —y 
These are clearly bounded operators. We state that the following operator 


0 ii k = ko 


X: C{V) —>■ Cfc/ HA 7^ —(1 < A: < ko), e„ ha e„ (n G Z fl F) 

Il5'fc|| 

is invertible and X(IF © N)* = S^X is satished. The boundedness of X is trivial since 
V{efc, Ck'} is invariant for all 1 < < fco and is an eigenvector for every n G Z fl F, the 
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invertiblity is also obvious. The following equations show that X{W © N)* = S’^X holds 
as well which ends the proof: 


X(1T © Xye^ = XKe^-i = A„e„_i = = SlXe^ (n e n Z) 


X{W®Nyev 






= = SlXeu' {2<k< ko). 


□ 


Let m be the normalized Lebesgue measure on T and the Lebesgue space = 
L^(T). The simple bilateral shift operator S can be represented as the multiplication 
operator by the identity function x((') = ( on It is a known fact that g & is cyclic 
for S if and only if g{() y 0 a.e. C ^ "T and /[[.log \g\dm = —oo. From Lemma 


6.4 


it is 


obvious that g is cyclic if and only if Sg = X9 is cyclic, but this can be obtained from the 
previous characterization as well. 

The simple unilateral shift operator can also be represented as a multiplication 
operator by y, but on the Hardy space = iL^(T). Before proving the hrst three points 


of Theorem 6.2 we show that the orthogonal sum S © has no cyclic vectors. The proof 


uses only elementary Hardy space techniques. 


Proposition 6.16. The operator S ® has no cyclic vectors. 

Proof. Suppose that f ® g G is a cyclic vector, and let us denote the 

orthogonal projection onto © {0} and onto {0} © by Pi and P 2 , respectively. Then 
V{x"/: n G No} = Pi(V{x”/ © x^d- ^ i^o}) is dense in i.e.: / is cyclic for S', and 
similarly we get that g is cyclic for as well. This implies that f{() 7 ^ 0 is valid for a.e. 
C G T and g is an outer function. We state that 0®g^ f^g. To see this consider 

an arbitrary complex polynomial p. Then 

\\{pf) ® (pg) - 0 ® gf = f \pf\^+ \ip-^)g\^dm. 

Jt 
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One of the sets A = p G C: Re^ < 1/2}) oi = p G C: Re^ > 1/2}) has 
Lebesgue measure at least 1/2. If m{A) > 1/2, then we obtain 

\\{pf) ® (pg) - 0 ® gf > [ \{p-^)g\'^dm= [ \g\‘^/Adm 

Ja Ja 


> ^inf } / \g\‘^dm: E G C,m{E) > 1/2 |> > 0. 


Similarly if m{B) > 1/2, then we calculate 


Wipf) ® (pg) - 0 ® g\\ \f\ dm: E e C,m{E) >1/2} > 0. 


Thus S' © S'"*" is not cyclic. 


□ 


Now we are in a position to prove (i)-(iii) of Theorem 6.2 


Proof of the points (i)-(iii) in Theorem |6.2[ (i) This is an easy consequence 
of Lemma 16.151 and Theorem 16.11 


ii) By (ii) of Lemma 6.15, S\ is similar to hP © iV. If hh has no cyclic vectors then 


obviously neither has Sx- If W is cyclic, then by Lemma 6.4 we can obviously see that 


Sx has a cyclic vector. Since C.i bilateral shifts are cyclic, the other statement follows 
immediately. 


hi) By Proposition 6.11, the isometric asymptote U of Sx is unitarily equivalent to the 


orthogonal sum S © S~^ which has no cyclic vectors. This implies - together with Lemma 
6.51- that neither has Sx- □ 


We proceed with the examination of the case when a weighted shift operator on T is 
similar to an orthogonal sum of a bi- and a unilateral shift operator. Then we will be able 


to verify the last point of Theorem 6.2 


Let us dehne another bounded operator W G by the following equations: 


Wen = Wn+Rn+I, We/ = W(fc+i)/e(fc+i)/ (n G Z, /c > 2) 


where the weights {wn'- n G Z} U {wk': k G hl\{l}} are bounded. Obviously W is an 
orthogonal sum of a bi- and a unilateral weighted shift operator. 

Our aim is to hnd out whether there exists a W such that it is similar to Sx- In order to 
do this, we will try to hnd a bounded, invertible X G which intertwines Sx with a W: 
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Figure 3. Similarity of Sx on T to an orthogonal sum in some cases 

XSx = WX. However, we found it easier to examine the adjoint equation: S^X* = X*W*. 
We shall use the following notations: 


A,- 

i=i ^ 


j=i •? 


It is easy to see that 


Sl9k = 


gk-i a k> 1 


0 if fc = 1 

and that for k ^ I the vectors gk and gi are orthogonal to each other. We also dehne the 
following subspaces 

£ = V-[e^;: k G Z}, £' — k G N}, Q = '^{^gk - k G N}. 

In the next lemma, for technical reasons, we assume that Sx is contractive. 

Lemma 6.17. The following two conditions are equivalent for the contractive Sx'- 

(i) the positive sequence is hounded, 

(ii) eiy) = £ + g. 


Prooe. (i)^>(ii): It is obvious that £ f\g = {0}, so we only have to prove the equation 
£^{y) = + ^. To do this take an arbitrary vector x G £^{y) and suppose that x = e + g 

for some vectors e E £ and g E Q. With the following notations 


^k' = {x,ek'), fn = {x,en), Tk = {g,gk), i^n = {e,en), {kEN,nEZ) 
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we can write the following equations: 


^k' \ II udk-i^^k'/ 

^k = {e,ek) + {g,ek) =Vk + 


-f^k 


llfi'fcll ■ \v . . . \k' ’ 


and 


llfi'fcil ■ Ai... Afc 
= Pm {me No). 


, {keN) 


From them we infer that 


l^k = —'Cfc'llfi'fcll ■ Ai/... Afc', Pfc = ■Cfc + “T- {k e N). 

Ai... Afc 

Therefore there exists an e G T and g e Q such that x = e + g holds if and only if 
IhfcP/llfi'fclP < ^ 'l2T=i^k < fulhlled. But the first inequality always 

holds, since 

112 

' k=l k=l 


E 


^ \\gk 


i'Cfc'p(Ai'... Xk'T < I'Cfc'p < ikir < 


oo. 


The second one is equivalent to 


E 

k=l 


Ai'... \k'\‘^ 
Xi... Xk 


) < oo, 


and in particular this holds if the sequence is bounded. 

(ii)^>(i): If the sequence is not bounded, then there exists a vector x G i‘^{V) such 
that this sum is not hnite. In fact, if 

kn. 

r 

A, 


^ > m (V m G N) 


1 '7 

j = l J 


hold with some increasing sequence {km}m=i^ then let ^k'^ = m and with this choice 
we have 


E 

k=l 


Xy . . . Afc/^^2 
Ai . . . Aa 


^k' > 


m=l 


— = OO. 

m 


□ 


Now, we are able to prove a similarity theorem. We say that the operator Ti G B{'H) is 
a quasiaffine transform of T 2 G B{IC) if there exists a quasiaffinity (i. e.: which is injective 
and has a dense range) X G X(Ti,T 2 ). 
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Proposition 6.18. Let S\ be a weighted shift contraction on the directed tree T and 


set 

Wn = A„, {n e Z), Wk' = {k > 1). 

\\9k\\ 

The following two points hold: 

(i) S\ is always a guasiaffine transform ofW. 

(ii) If { 11^=1 ^ e N} is bounded, then the weighted shift Sx is similar to W. 

Proof. Since S\ is a contraction, Wk' = ^ 1 cind thus W is bounded. We define 

X* as follows: 

X*ek' = Y^9k, X*en = en (fceN,neZ). 

The operator X* is bounded and quasiaffine because V{efc, Ck'} is invariant for X for every 
/c G N, and ||W*| V {6^,6/;/}|| < 2. The next equations show that X* intertwines W* with 




= Slcn = Xnen-i = = X*W*en, (n G Z) 


SXX*ek' = 


1 10 k=l ~ 

u^Slgk={ ^ =X*W*ek>. 


{k G N) 


This proves that Sx is a quasiaffine transform of W. 

If T + ^ then since X*\8' G B{£', Q) and X*\8 G B{8,8) are unitary transfor¬ 

mations, therefore X* is an invertible bounded operator. This proves the similarity. □ 

We provide the following special case of the above proposition. 

Corollary 6.19. If Sx ^ Co.(C(P)) which is defined on T, then it is similar to an 
orthogonal sum of a weighted bi- and a weighted unilateral shift operator. 


Proof. The condition Sx ^ Co.(C(P)) is equivalent to the positivity of Aj or 
^ Ay. By interchanging Ay and \j for every j G N, if necessary, we may assume that 


the first one is not zero. Then the sequence is obviously bounded. 

Proposition |6.18| implies the similarity. □ 


We continue with the verification of (iv) of Theorem 6.2 
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Proof of (iv) in Theorem 6.2, Let us consider an Sx such that it is similar to 


a W and the bilateral summand of W is hypercyclic. By decreasing A^z-s, we may also 
assume that the unilateral summand is contractive. Take a hypercyclic vector f & £ for 
the bilateral summand. We will show that /©ei' is cyclic for W and therefore Sx is cyclic. 

First, let us take an arbitrary vector e G then there is a subsequence such that 
ippifej g Therefore © ey) —)■ e (fc —)■ cxd) also holds, since the 

unilateral summand is a contraction. 

Second, fix an n G Nq. Our aim is to prove that hF”ei/ G V{hF^(/ © ey) \ k G No}. 
Since {IT*'/: k > n} is dense in £, there is a subsequence (IT-^''/}^^ with the property 
—)■ IT”/ {k —)■ oo). This implies that © ey) —)■ IT”/ {k — )■ oo) and hence 

lT”ei/ G V{1T*(/ (B ey): fc G No}. Therefore / © ey is indeed a cyclic vector of IT. □ 

Let us denote the operator © • • • © S\ by (A: G N) and the orthogonal sum of 

^ 'V 

k times 

Ko piece of S~^ by 


We close this chapter by proving Theorem 6.3 In order to do that we will apply the 
following theorem. 

Theorem 6.20. The operator S © (S'/)* is cyclic for every k eN. 

Proof. The method is the following: we intertwine S © Sf and S with an injective 
operator X G B{L‘^ © SX = X{S © S'/). Then taking the adjoint of both sides 

in the equation we get: (S'* © (S/)*)X* = X*S'*. Since X* has dense range and S* is 
cyclic, this implies the cyclicity of S'* © (S'/)* for any /c G N by (i) of Lemma 6.5, which 
is unitarily equivalent to S' © (S/)*. 

For the A; = 1 case the definition of the operator X is the following: 

X\ ® —)■ L^, / © S' t /</2 + S', 

where ip G L°°, (p(() ^ 0 for a.e. C £ T and /.j, log 193 (C)= —00. An easy estimate shows 
that X G B{L‘^ © H^, Lf). Assume that 0 = /(p + If / = 0 (^f = 0, resp.), then g = Q 
(/ = 0, resp.) follows immediately. On the other hand, taking logarithms of the absolute 
values and integrating over T we get 


—oo< / log| 5 f|dm= / log I/I + log |93|(im < / \f\dm+ / log |99|(im = — cxd, 
JT Jf Jt Jt 
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which is a contradiction. Therefore X is injective. The equation SX = X{S (B S~^) is 
trivial, therefore S © is indeed cyclic. 

Now let us turn to the case when k > 1. We will work with induction, so let us suppose 
that we have already proven the cyclicity of for a fc > 2. Consider the following 

operator 

Y (B (B ■ ■ ■ ® ^ (B ® ■ ■ ■ (B 

■V* ■v' 

k times k—1 times 

f B gi B ■■■ B gk ^ if ^ -B gi) © (72 © • • • ® gk, 
with the same (p G L°° as in the dehnition of X. Obviously Y is bounded, linear and 
injective, and we have Y{S B S'^) = {SB S'^_^)Y. This proves that S © {S'^)* is also 
cyclic. □ 


Of course, now a question arises naturally: Is the operator S © cyclic? The 

previous thoughtline does not work for this case. However, if the answer were positive, we 


could prove (ii) of Theorem 6.3 without the condition Br(T) < 00 . 


Now we are able to verify Theorem 6.3 


Proof of Theorem 16.31 Obviously T is leafless in both cases. The isometric asymp¬ 
tote U of Sx is just taken. Since U* is cyclic, the operator is also cyclic by Lemma 


6.5 


Proposition 6.11 and Theorem 6.1 


□ 


We would like to point out that if we take a weighted shift operator on a directed tree 
which is similar to a VP and the adjoint of the bilateral summand has no cyclic vectors, 
then obviously we get an Sx on T such that has no cyclic vectors. This shows that the 
adjoint of a weighted shift on a directed tree is usually not cyclic. 













Summary 


In this dissertation we presented results concerning asymptotic behaviour of Hilbert 
space power bounded operators and some applications. The dissertation consists of hve 
papers. has appeared in Periodica Mathematica Hungarica, ra has appeared in 
Acta Scientiarum Mathematicarum (Szeged), |16j has accepted in Linear and Multilinear 
Algebra, and na has been accepted in Proceedings of the American Mathematical Society. 
The last one |18j is still under revision. The papers [151 IS ini Eg were also uploaded 
to the arXiv. 

First in Chapter we characterized all possible asymptotic limits of Hilbert space 
contractions. We proved that in a hnite dimensional space the asymptotic limit of a con¬ 
traction is always a projection. In the case when Pi is separable and inhnite dimensional we 
proved that a positive and contractive operator A arises asymptotically from a contraction 
if and only if A arises asymptotically from a contraction in uniform convergence. More¬ 
over, these conditions are equivalent to the following: either re{A) = 1 or H is a projection; 
which holds if and only if dim'H(]0,1]) = dim'H(]5,1]) is satished for every 0 < 5 < 1 
where PL{u!) denotes the spectral subspace of A associated with the Borel subset a; C M. If 
dimPL > Kq, then we provided a similar result. We concluded Chapterby investigating 
what conditions on two contractions have to be satished in order that their asymptotic 
limits coincide. We also examined the reverse question. 

Then we turned to the investigation of L-asymptotic limits of power bounded matrices. 
We showed that in this case At,l is independent of the particular choice of the Banach limit 
L, moreover, we have At,l = At,c ■= hm„_).oo called At,c fhe Cesaro 

asymptotic limit of T. In order to characterize the possible Cesaro asymptotic limits, we 
examined two separate cases. The hrst one is when T is similar to a unitary operator, 
which is (in the matrix case) equivalent to the condition that T is of class Cu. We proved 
that a positive dehnite matrix A is the Cesaro asymptotic limit of a power bounded matrix 
T if and only if the trace of A~^ equals the dimension of the space which is equivalent 
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to the condition that there is an invertible matrix S with unit column vectors such that 
A = = {SS*)~^ holds. Using the charaterization in the previous case we proved 

the description in the other case too, i.e. when T is not similar to a unitary matrix. Namely, 
for a given singular positive semi-dehnite matrix A 7 ^ 0 we can hnd a power bounded 
matrix T such that A = At,c is valid if and only if tr(y4|(ker < dim(ker A)-*-, which 

holds if and only ii A = ©0)5“^ is fulhlled with some invertible matrix S with unit 

column vectors and an orthogonal projection of the form: 0 7 ^ / © 0 7 ^ /. 

Chapter was devoted to a possible generalization of Sz.-Nagy’s similarity theorem 
and a strengthening of it. We proved that similar power bounded operators T and S 
share the same asymptotic property, namely the powers of the operator T and its adjoint 
T* are bounded from below on the orthogonal complement of the corresponding stable 
subspaces if and only if the same holds for S. In particular, this property is satished by 
any power bounded normal operator, and therefore by any power bounded T that is similar 
to a normal operator. This can be considered as a generalization of Sz.-Nagy’s theorem, 
although only in the necessity part (the sufficiency part trivially cannot be generalized in 
this way). Similarity to operators belonging to some other special classes was examined. 


too. Theorem is one of the most important results concerning similarity to normal 
operators. Therefore we hope that our result will be useful when one wants to investigate 
similarity questions. In the second part of Chapter we described all possible asymptotic 
limits of those contractions that are similar to unitary operators and which act on a Mq 
dimensional space. Namely, we proved that the positive contraction A G B{'H) arises from 
such a contraction T if and only if it is invertible, re{A) = 1 and dimker (74 — r{A)I) G 


{0,Ko}. 

Next, in Chapter we examined the commutant mapping of contractions. This map¬ 
ping belongs to those few links which relate the contraction to a well-understood operator 
(i.e. a unitary operator). The injectivity of this mapping was investigated. Of course when 
T is of class Ci., the associated commutant mapping is necessarily injective. We pro¬ 
vided an example when the stable subspace of T is non-trivial yet jt is injective. Moreover, 
we provided four necessary conditions which has to be fulhlled whenever 7 ^ is injective. 
One of these conditions is that o'p(T) fl (JpiT*) 0 D = 0. We also proved that certain 
conditions on the stable component implies that the injectivity of 7 is equivalent to this 
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previously mentioned condition. We verified that the commutant mapping of quasisimilar 
contractions are simultaneously injective or not. We examined the commutant mapping 
of orthogonal sums as well, and in particular it turned out that yrer is injective if and 
only if 7 ^ is injective. Finally, we proved that the above mentioned four conditions to¬ 
gether are still not enough to ensure that the commutant mapping is injective. Complete 
characterization was left open. 

Finally in Chapter we were interested in (contractive) weighted shifts on directed 
trees (with positive weights). This is a recently introduced class ( |22j ) which is a very 
natural generalization of the classical weighted shift operators, and it turned out that they 
are very useful in testing certain problems. In our work first we proved that a countable 
orthogonal sum of backward shift operators with at most one zero weight is always cyclic. 
Our second aim was to provide cyclic properties of weighted shift operators on directed 
trees. In order to do this first, we examined their isometric asymptotes. Using cyclic 
properties of the isometric asymptote we were able to provide necessary and sufficient 
conditions for cyclicity in the case when the directed tree T is rootless, its branching 
index is 1 and there is at least 1 leaf. Namely, when there are two leaves, the operator 
is always cyclic. If there is exactly one leaf, then the cyclicity of the weighted shift S\ 
is equivalent to the cyclicity of a bilateral shift operator which can be obtained from S\ 
very easily. There is one more case when the cyclicity of S\ is an interesting question, 
this is when Sx is defined on T which is a rootless and leafless directed tree such that the 
branching index is 1. On T we can find cyclic and non-cyclic shifts as well, but we could 
not provide necessary and sufficient conditions. In the special case when S\ is of class 
Cl., the weighted shift on T has no cyclic vectors. We were also interested in the cyclic 
properties of the adjoint of a weighted shift on a directed tree. We showed that not every 
5^ is cyclic. On the other hand, if Sx is of class Ci. and T has a root, then S\ is cyclic. 
When T is rootless and the branching index is finite, then the adjoint of every Ci. class 
contractive weighted shift on T is cyclic. 


Osszefoglalas 


Disszertaciomban Hilbert terbeli hatvanykorlatos operatorok aszimptotikus viselkedeset 
vizsgaltam, es bemutattam ezen teriilet nehany lehetseges lij alkalmazasat. A dolgozat ot 
publikacio eredmenyeit tartalmazza. A H cikk mar megjelent a Periodica Mathematica 
Hungarica folyoiratban es a |15] pedig az Acta Scientiarum Mathematicarum (Szeged) 
folyoiratban. A |16] publikaciom megjelenes alatt all a Linear and Multilinear Algebra 
folyoiratban, a HZ] cikkem pedig a Proceedings of the American Mathematical Society 
folyoiratba fogadtak el. Otodik cikkem na egyeldre biralat alatt van. A fenti ot cikk 
koziil negyet [i5i [m nn 18] feltoltottem az arXiv-ra is. 

A disszertaciom masodik fejezeteben karakterizaltam azon pozitiV operatorokat, 
melyek eldallnak kontrakciok aszimptotikns hatarertekeikent. Belattam, bogy veges di- 
menzios terben ez az aszimptotikns limesz csak ortogonalis projekcio leliet. A szeparabilis, 
vegtelen dimenzios esetben kideriilt, hogy egy A pozitiv kontrakcio pontosan akkor teljesiti 
a kivant feltetelt, ha letezik olyan T kontrakcio, melynek onadjnngalt hatvanyai normaban 
A-hoz konvergalnak. Ezen feltetelek ekvivalensek azzal, hogy vagy re (A) = 1 vagy A egy 
projekcio; es vegiil ez akkor es csak akkor igaz, ha dim'H(]0 ,l]) = dim'H(]5,1]) teljesiil 
minden 0 < 5 < 1 szamra, ahol az A operator a; C M Borel halmazhoz tartozo spektral 
alteret jeloli. Nem szeparabilis terek eseten is hasonlo ekvivalens feltetelek adhatoak. 
A fejezet vegen azt vizsgaltam, hogy ket kontrakciora milyen felteteleket kell tenniink ah- 
hoz, hogy aszimptotikus hatarertekiik megegyezzen. A fordftott kerdest is vizsgaltam, azaz 
hogy az aszimptotikus limeszek egyenldsege mit implikal a kontrakciokra vonatkozoan. 

Ezutan hatvanykorlatos matrixok L-aszimptotikus limeszet vizsgaltam. Az elsd fontos 
lepes az volt, hogy megmutattam, nem kell Banach limeszekkel foglalkoznunk, ugya- 
nis az At^l rnatrix fiiggetlen L megvalasztasatol. Kideriilt, hogy: At^l = At,c ■= 
lim„_,,oo ^ T*^T^ mindig tejesul. Az Ay ^ operatort a T Cesaro aszimptotikus 

hatarertekenek hivjuk. A lehetseges pozitiv szemidehnit matrixok leirasahoz ket kiilon 
esetet vizsgaltam. Az elsd, amikor a T matrix hasonlo egy uniter matrixhoz, vagy 
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maskeppen mondva Cn osztalyii (ez az ekvivalencia termeszetesen csak matrixok eseten 
all fenn). Bebizonyitottam, hogy egy A pozitiV definit matrix pontosan akkor Cesaro asz- 
imptotikus limesze egy hatvanykorlatos T matrixnak, ha ii A~^ megyegyezik a ter di- 
menziojaval. Ez pontosan akkor igaz, ha letezik olyan invertalhato S matrix, melynek 
oszlopvektorai egysegvektorok ligy, hogy A = teljesiih Ebbol a karak- 

terizaciobol vezettem le a masik eset karakterizaciojat is, azaz amikor valodi a stabil alter. 
Nevezetesen egy A ^ 0 szingularis, pozitiV szemidehnit matrix pontosan akkor Cesaro 
aszimptotikus limesze egy hatvanykorlatos T-nek, ha tr(74|(ker < dim(ker A)-*-. Ez 

pedig pontosan akkor igaz, ha A = © 0)5'“^ teljesiil egy 0 7^ / © 0 7^ / alakii 

ortogonalis projekcioval es egy olyan invertalhato S matrixszal, melynek oszlopvektorai 
mind egysegvektorok. 

Az ezt koveto negyedik fejezetben az Sz.-Nagy fele hasonlosagi tetel egy lehetseges 
altalanositasat bizonyitottam be, illetve bebizonyitottam egy erositest is. Belattam, hogy 
egymashoz hasonlo hatvanykorlatos operatorok eseten az alabbi tulajdonsag ekvivalens: a 
stabil alter ortogonalis komplementeren az adott operator hatvanyai alulrol egyenletesen 
korlatosak. Specialisan ez a tulajdonsag igaz normalis hatvanykorlatos operatorokra, s igy 
a hozzajuk hasonlo operatorokra is. Ez tekintheto az Sz.-Nagy tetel egy altalanositasanak. 
Mas specialis operatorokhoz valo hasonlosagot is vizsgaltam. Ugy gondolom, ez az 
alalanositas hasznos lehet kiilonfele hasonlosagi problemak vizsgalata eseten. A fejezet 
masodik reszeben leirtam azon pozitiv kontrakciokat, melyek egy olyan kontrakciobol 
allnak eld aszimptotikusan, mely hasonlo egy uniter operatorhoz. Nevezetesen, egy A G 
B{'H) pozitiv kontrakcio pontosan akkor all eld egy ilyen T kontrakcidbdl, ha invertalhato, 
re(A) = 1 es dimker(A — r{A)I) G {0,M:o} teljesiil. 

Az ezt kdvetd fejezetben kontrakcidk kommutans lekepezeset vizsgaltam. A 'yx 
lekepezes kapcsolatot letesit az adott T kontrakcio kommutansa es a Wt uniter aszimp- 
tota kommutansa kdzdtt (mely jdl ismert). yr injektivitasat vizsgaltam. Termeszetesen 
ha T a Ci. osztalyhoz tartozik, akkor 7^ sziiksegkeppen injektiv. Megvizsgaltam azt a 
kerdest, hogy a kommutans lekepezes lehet-e injektiv abban az esetben, amikor a stabil 
alter valodi. Eldszdr peldat adtam ilyen kontrakcidra. Ezen kiviil negy sziikseges feltetelt 
adtam meg, melyet T-nek teljesiteni kell ahhoz, hogy 7^ injektiv legyen. E negy feltetel 
kdziil az egyik ekvivalens feltetelt ad abban az esetben, ha bizonyos egyszerii felteteleket 
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megkoveteliink kontrakcionkrol. Ezen kiviil megmutattam, hogy a kommutans lekepezese 
ket kvazihasonlo kontrakcionak egyszerre injektiV vagy nem. Kontrakciok ortogonalis 
osszegeit is vizsgaltam; peldaul kideriilt, hogy 7TeT pontosan akkor injektiv, ha yr is 
az. Vegiil konktret peldaval alatamasztva megmutattam, hogy a fent emlitett negy feltetel 
egyiitt sem ad elegendd feltetelt a kommutans lekepezes injektivitasara. A teljes jellemzes 
nyitott problema maradt. 

Az utolso fejezetben iranyitott fakon valo kontraktiV eltolas operatorokat viszgaltam 
(ahol a siilyok pozitiVak). Ezt az osztalyt 2012-ben vezettek be ( |22] ). Tulajdonkeppen a 
szokasos siilyozott eltolas operatorok egy nagyon termeszetes altalanositasat dehnialtak 
a szerzok. Kideriilt, hogy ezekkel az operatorokkal bizonyos addig niytott kerdesekre 
egyszerii valasz adhato. Legeloszor belattam, hogy egy szokasos csonkito visszatolas 
operator pontosan akkor ciklikus, ha legfeljebb egy darab zero siilya van. Ezt kovetoen 
ratertem az iranyitott fakon valo eltolas kontrakciok izometrikus aszimptotainak leirasara. 
Ezt felhasznalva pedig sziikseges es elegendd felteteleket adtam azon iranyitott fakon valo 
eltolas kontrakciok ciklikussagara, melyek eseten az adott fanak nines gyokere, pontosan 
egy helyen agazik el, es ott ketfele, valamint van levele. Nevezetesen, ha ket levele van a 
fanak, akkor azon minden eltolas ciklikns. Ha pontosan egy level van, akkor a fan dehnialt 
eltolas operator cikliknssaga ekvivalens egy abbol egyszeriien kaphato ketiranyii eltolas 
operator ciklikussagaval. Meg egy esetben erdekes a cikliknssag kerdese, megpedig amikor 
nines gyoker, nines level, es az elagazasi index pontosan 1. Ez esetben talalhato olyan 
eltolas operator, mely ciklikns, es olyan is, mely nem ciklikns. Azonban a cikliknssag tel¬ 
jes jellemzese nyitott maradt. Viszont sikeriilt belatni, hogy ha ez az eltolas kontrakcio 
meg Cl. osztalybeli is, akkor nines ciklikns vektora az adjnngaltnak. Megvizsgaltam az 

operatorok ciklikussagat is. Kideriilt, hogy nem minden S\ ciklikus. Azonban ha S\ 
benne van a Ci. osztalyban, es a fanak van gyokere, akkor ciklikns. Vegiil belattam, 
hogy amikor a fanak nines gyokere, es az elagazasi indexe veges, akkor a rajta dehnialt 
Ci.-kontrakciok adjnngaltjai mindig ciklikusak. 
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N 

No 

M 

[a,b] 

]a,b[ 

[a,b[-,]a,b] 

C 

D 

T 

H- 

H 

C 

Vc 

(•,•) 


O'ap(') 

r(-) 

rei-) 


the set of integers 

the set of positive integers: {1, 2, 3,... } 
the set of non-negative integers: {0,1, 2, 3,... } 
the set of real numbers 
closed interval 
open interval 

half-open half closed intervals 
the set of complex numbers 
the unit disk of C: {z G C: \z\ < 1} 
the unit circle of C: {z e C: \z\ = 1} 
cardinality of a set 
closure of a set 
conjugate of a set C C 
complement of a set 
Banach limit (L-limit) of a sequence 
the set of all Banach limits 
the set of complex polynomials 
norm of a vector or the operator norm of an operator 
inner product of two vectors 
adjoint of an operator T 
spectrum of an operator 

point spectrum of an operator (the set of eigenvalues) 
approximate point spectrum of an operator 
spectral radius of an operator 
essential spectrum of an operator 
essential spectral radius of an operator 
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BiH.K) 

B{n) 

© 

+ 

T\M 

7(-) 

7 = 7t 

yH 

Im 

ker 

ran 

I{A,B) 

{T}' 

no = UoiT) 
rank 
tr 

At,l 

Aj' 

(Xf_„ Vt.l) 

{Xt^l, Wt,l) 
Chi(W") 
(u) 
root 

\/° 

Lea(r) 

Gen„(M) 

Gen(M) 

ROO 


the set of bounded linear operators T: H ^ K, 

B{n,n) 

orthogonal sum of subspaces or operators 
direct sum of subspaces 
restriciton of an operator T to a subspace Ai 
reduced minimum modulus of a non-zero operator 
commutant mapping of a contraction T 
orthogonal complement of a set if in a Hilbert space 
the generated (closed) subspace of a set if in a Hilbert space 
the identity operator on the subspace Ai 
kernel of an operator 
range of an operator 

Intertwining set of two operators A and B 
commutant of T G B{n) 
stable subspace of a power bounded T 
rank of an operator 
trace of a matrix 

the L-asymptotic limit of a power bounded operator T 
the asymptotic limit of a contraction T 
isometric asymptote of a power bounded operator T 
unitary asymptote of a power bounded operator T 
The set of children of a set IH in a directed tree T 
The parent of a vertex m in a directed tree T 
The root of a directed tree 

The set of all vertices in a directed tree exept for the root 
The set of leaves in a directed tree T 
The nth generation of a vertex n in a directed tree T 
The level of a vertex n in a directed tree T 
The Banach space of bounded analytic functions on D 



